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ABSTRACT 


A  theory  of  the  sheardependence  of  the  intrinsic 
viscosity  of  polymer  molecules  is  developed  on  the  basis  of 
the  following  model.  In  flow  the  molecule  is  deformed  into 
an  ellipsoid.  This  ellipsoid  will  be  oriented  in  flow.  On 
the  basis  of  the  theory  of  the  intrinsic  viscosity  this  el¬ 
lipsoid  can  be  regarded  as  impermeable  to  solvent j  hence 
the  effect  of  orientation  is  the  same  as  that  which  would 
be  observed  if  the  ellipsoid  were  rigid.  The  deformation 
of  the  molecule  also  gives  rise  to  a  strain  energy,  which 
is  stored  and  not  dissipated  by  the  molecule  in  capillary 
flow.  The  stored  energy  will  give  rise  to  a  contribution 
to  the  extinction  angle  in  a  streaming  birefringence  exper¬ 
iment  independent  of  the  solvent  viscosity,  in  good  agree¬ 
ment  with  the  observations  of  Leray  (i960).  In  capillary 
flow  the  effect  is  to  reduce  the  maximum  shear  stress,  as 
calculated  on  the  basis  of  the  Poiseuille  equation,  and 
will  therefore  not  affect  the  shape  of  a  plot  of  log  [t|]/[t}]q 
versus  log  tj  this  plot  is  shown  to  have  the  same  shape  as 
would  be  obtained  if  the  sheardependence  were  due  to  the 
orientation  of  a  rigid  ellipsoid.  An  expression  for  the 
stored  energy  is  derived  from  the  theory  of  Rouse,  as  mo¬ 
dified  by  Perry. 

The  predictions  of  "the  theory  are  tested  on  pre¬ 
cise  data  obtained  with  four  fractions  of  polystyrene 
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ranging  in  molecular  weight  from  3  x  10  to  7  x  10  in  so- 
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lutions  of  cyclohexane,  toluene  and  benzene  at  several  tem¬ 
peratures  ranging  from  20°C  to  6o°C.  The  agreement  between 
predictions  and  experimental  results  is  very  good. 


The  close  relationship  of  this  theory  to  the  de¬ 
formed  sphere  model  of  Cerf  is  discussed.  It  is  also  shown 
that  the  criterion  for  the  sheardependence  of  the  intrinsic 
viscosity  of  deformable  molecules  ^^ang/^ra(^  -l*  proposed 
by  Kuhn  and  Kuhn,  is  incorrect  and  should  be  replaced  by 

^tang/^rad 
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INTRODUCTION 


Experimentally  it  is  sometimes  observed  that  the 
coefficient  of  viscosity  of  rather  dilute  solutions  of  po¬ 
lymer  molecules  is  not  a  constant,  but  decreases  as  the  rate 
of  shear  (or  flow  rate)  in  the  viscometer  increases.  Of 
special  interest  is  the  relative  increase  of  the  viscosity 
of  the  solvent  due  to  the  presence  of  the  polymer  molecule 
and  the  quantity  called  ’intrinsic  viscosity',  which  is  es¬ 
sentially  this  relative  increase  extrapolated  to  zero  con¬ 
centration  of  the  solute.  The  intrinsic  viscosity  can  be 
regarded  as  the  hydrodynamic  volume  of  the  polymer  mole¬ 
cule  if  it  were  present  all  by  itself  in  the  particular  sol¬ 
vent.  If  the  sheardependence  of  the  viscosity  persists 
even  on  extrapolation  to  zero  concentration  the  intrinsic 
viscosity  also  is  sheardependent .  Inter-particle  interac¬ 
tions  cannot  be  responsible  for  this  behaviour  because  it 
has  been  eliminated  by  extrapolation  to  zero  concentration. 
The  sheardependence  must  therefore  be  related  to  some  pro¬ 
perty  of  the  molecule  itself,  such  as  its  shape,  flexibility, 
size  and  weight. 

In  1932  Kuhn  showed  that  if  the  molecule  were 
rigid  and  asymmetric  the  intrinsic  viscosity  would  decrease 
as  the  shear  rate  increased,  because  of  a  progressive  orien¬ 
tation  of  the  molecules  in  the  direction  of  flow.  For  ri¬ 
gid  molecules  this  has  been  subsequently  substantiated  in 
numerous  theoretical  and  experimental  investigations.  A 
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recent  quantitative  experimental  verification  of  the  theory 
of  sheardependence  of  the  intrinsic  viscosity  of  rigid  ellip¬ 
soidal  molecules  was  given  by  Yang  (1958). 

The  theory  of  the  sheardependence  of  the  intrinsic 
viscosity  of  flexible  and  deformable  molecules  is,  however, 
not  in  such  satisfactory  shape.  Various  theories  have  been 
proposed  which  are  summarised  and  discussed  in  Chapter  3 
of  this  thesis.  Most  of  these  theories  relate  the  shearde¬ 
pendence  of  the  intrinsic  viscosity  to  the  molecular  para¬ 
meters  of  the  molecule,  and  do  not  take  into  account  the 
fact  that  macroscopically  the  flow  behaviour  of  these  poly¬ 
mer  solutions  is  non-Newtonian.  It  seemed  probable  that  a 
more  satisfactory  theory  of  sheardependence  would  be  one 
based  on  a  hydrodynamic  theory  of  non-Newtonian  flow. 

In  our  investigation  we  have  therefore  taken  as 
starting  point  the  recently  developed  macroscopic  theories 
of  non-Newtonian  flow  as  embodied  in  a  •rheological  equa¬ 
tion  of  state1.  (These  equations  of  state  can  be  formulated 
on  an  axiomatic  basis  and  play  a  role  in  rheology  similar 
to  that  played  in  physical  chemistry  by  the  more  familiar 
thermodynamic  equations  of  state.) 

The  relationships  predicted  by  the  rheological 
equations  of  state  are  relationships  between  macroscopic 
quantities  such  as  the  applied  stress  and  the  observed  de¬ 
formations.  They  comprise  the  field  which  Reiner  (13) 
calls  macro-rheology. 

Rheological  equations  of  state  have  not  been  used 
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explicitly  in  studies  of  the  sheardependence  of  the  intrinsic 
viscosity  of  polymer  molecules  because  of  this  macroscopic 
character.  In  order  to  further  understanding  of  non-Newton¬ 
ian  flow  phenomena  it  is  therefore  necessary  to  formulate 
a  ’micro-rheology1 .  The  relationship  between  macro-rheology 
and  micro-rheology  would  thus  become  similar  to  the  rela¬ 
tionship  between  thermodynamics  and  statistical  mechanics. 

Recently  investigations  to  this  end  have  been  under¬ 
taken  by  Giesekus  (1956  -  1962),,  Prager  (1957)  anc^  Kotaka 
(1959).  These  authors  calculate  in  an  a,  priori  fashion  the 
non-Newtonian  flow  properties  of  suspensions  of  model  parti¬ 
cles  such  as  rigid  and  elastic  dumbellS;  rigid  rods  and 
rigid  ellipsoids .  This  approach  will  be  extended  in  this 
study  to  include  in  a  general  way  the  non-Newtonian  flow 
of  solutions  of  deformable  molecules. 

Extensive  data  of  sufficient  precision  on  the  flow 
behaviour  of  dilute  solutions  of  deformable  .molecules,,  which 
would  allow  one  to  test  the  validity  of  any  theory  which  may 
be  proposed.,  is  not  available  in  the  literature.  It  is 
therefore  necessary  to  complement  the  theoretical  investi¬ 
gation  with  an  experimental  study  of  the  sheardependence  of 
deformable  molecules.  To  this  end  the  sheardependence  of 
the  intrinsic  viscosity  of  polystyrenes  of  varying  molecular 
weight  in  several  solvents  and  at  different  temperatures  was 
studied.  In  order  to  obtain  relatively  large  effects  most 
of  the  measurements  were  carried  out  in  thermodynamically 
’good’  solvents.  In  such  solvent  the  molecule  is  greatly 
expanded;  which  would  make  the  contribution  of  the  deforma- 
bility  to  the  sheardependence  most  pronounced. 


Chapter  1 

THEORIES  OF  NON- NEWT ON I AN  FLOW 


1- A  Definitions  of  viscosity 

When  a  shearing  stress  is  applied  to  a  liquid,  the 
liquid  yields  readily  to  the  stress  and  starts  to  flow.  With 
a  given  shearing  stress,  some  liquids  flow  faster  than  others, 
which  would  lead  one  to  enquire  whether  or  not  there  is  a 
simple  relationship  between  the  applied  shearing  stress  and 
the  rate  of  flow. 

Let  a  liquid  be  contained  between  two  parallel 
plates,  which  are  separated  by  a  distance  d.  One  of  the 
plates  moves  with  a  velocity  v  relative  to  the  other  one; 
hence  between  the  two  plates  there  will  be  a  velocity  gra¬ 
dient  equal  to  v/d.  According  to  Newton,  the  resistance  to 
relative  motion  of  two  adjacent  layers  in  the  liquid  between 
the  two  plates  caused  by  the  applied  shearing  stress  T  is  pro¬ 
portional  to  the  velocity-gradient  v/d.  Hence: 

T:  shear  stress  ( dynes/cm'"') 

T  =  r)0(v/d)  v/d:  velocity-gradient  (sec  (l-l) 

ri0:  "coefficient  of  viscosity" 

The  "coefficient  of  viscosity"  is  thus  the  ratio  of  the 
shear  stress  to  the  velocity-gradient  (or  shear  rate),  and 
if  this  ratio  is  to  be  a  constant  it  should  be  independent 
of  the  magnitude  of  either  shear  stress  or  shear  rate.  This 
is  observed  to  be  the  case  for  most  simple  liquids;  such 
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liquids  are  called  "Newtonian  liquids".  There  is,  however, 
a  class  of  liquids,  for  which  the  coefficient  of  viscosity, 
as  evaluated  by  Newton's  prescription,  is  not  a  constant. 

These  are  "non-Newtonian  liquids". 

Prom  the  definition  (l-l)  it  is  not  clear  why 
there  should  be  non-Newtonian  and  Newtonian  liquids.  As  a 
matter  of  fact,  Newton's  definition  gives  no  indication  of 
the  nature  of  the  processes  in  flow  which  give  rise  to 
'viscosity'.  It  is  strictly  an  operational  definition:  one 
measures  the  applied  shear  stress  and  the  resulting  shear 
rate  (or  vice-versa)  and  computes  the  coefficient  of  vis¬ 
cosity  by  taking  the  appropriate  ratio. 

More  useful  in  this  respect  than  Newton's  is  an 
alternative  description  of  viscous  phenomena,  which  is  due 
to  Maxwell  (Phillipoff  (3)^  Umstcitter  (9)  and  Reiner  in  (13)). 

Consider  a  system  with  some  elasticity.  If  this 
system  is  deformed  by  an  amount  d£,  a  stress  will  arise, 
whose  magnitude  is  given  by: 

e:  modulus  of  elasticity 

dT  =  edt  dT:  stress  increment  (1-2) 

d£:  deformation  increment 

If  the  deformation  changes  with  time,  we  have: 


dT  _d£ 

dt  dt 


(1-3) 


In  real  systems  one  would  not  expect  equation  (1-3)  to  hold 
since  it  implies  that  the  response  of  the  system  to  a  de¬ 
formation  is  instantaneous  and  independent  of  the  previous 
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deformation  history.  Maxwell  assumed  that  the  stress  decays 
continuously;  with  this  assumption  we  can  obtain: 

[i  +  t  ft]T  = eT  H  c-4> 


Hence  the  rate  of  deformation  depends  on  both  the  stress 
and  the  stess  decay  (or  stress  relaxation) .  We  can  verify 
this  by  integrating  equation  (1-4)  at  constant  deformation 
(-^  =  0)  to  obtain: 


dT 

T 


dt 

T 


and 


T  =  constant  exp(-  — ) 


(l-5a) 


(l-5b) 


which  identifies  the  characteristic  timescale  t  for  the 

dT 

stress  relaxation.  At  constant  stress  (-^  =  0)  we  have: 


T  =  €T  — 
1  &T  dt 


(1-6) 


If  we  now  compare  equation  (1-6)  with  equation 

(1-1)  and  identify  the  stress  T  in  equation  (1-6)  with  a 

d  £ 

shearing  stress  and  the  rate  of  deformation  with  the  ve¬ 
locity-gradient,  we  arrive  at  an  expression  for  the  coeffi¬ 
cient  of  viscosity,  given  by 

n0  =  ex  (1-7) 


Hence  we  can  rewrite  equation  (1-4)  as: 


[1  +  x  |^]T 


d£ 

’lo  M 


(1-8) 


In  the  Maxwell  description,  equation  (1-7),  the  co- 
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efficient  of  viscosity  is  written  as  the  product  of  an  elas¬ 
ticity  modulus  and  a  relaxation  time.  It  is  now  not  sur¬ 
prising  if  this  product  turns  out  to  be  dependent  on  the 
magnitude  of  the  deformation  or  the  applied  stress,,  since 
more  than  one  relaxation  mechanism  may  exist  in  a  more  com¬ 
plicated  liquid  and  one  may  have  to  introduce  relaxation 
spectra.  We  have  to  assume,  however,  a  stress  relaxation 
associated  with  flow  phenomena  in  order  to  account  for  a 
variable  coefficient  of  viscosity.  As  we  will  see  later, 
stress  relaxation  can  also  occur  in  an  ’inelastic1  liquid, 
hence  the  important  feature  of  the  Maxwell  description  of 
flow  is  not  so  much  the  assumption  of  elastic  deformation  of 
the  liquid  in  flow  (even  though  this  may  be  appropriate  in 
some  cases)  as  the  notion  of  stress  relaxation,  by  whatever 
process  we  may  specify. 

1-B  Phenomenological  description  of  non-Newtonian  phenomena 
Observations  that  the  viscosity,  as  calculated  by 
means  of  equation  (l-l)  depends  on  the  velocity-gradient 
are  rather  old  (Schwedoff  (1890),  Hatschek  (1913)).  There 
have  been  various  interpretations  of  this  non-Newtonian  be¬ 
haviour,  but  usually  they  embody  in  one  form  or  another  the 
suggestion  made  by  Ostwald  (1924)  that  it  is  due  to  the 
break-up  or  formation  of  a  ’structure’  in  the  liquid.  Hence 
the  name  ’structural  viscosity’  sometimes  used  in  place  of 
non-Newtonian  viscosity. 
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Systems  which  exhibit  non-Newtonian  flow  are  of 
two  types  exemplified  by: 

(i)  dilute  and  concentrated  solutions  of  cellulose 
derivatives,  and  solutions  of  polyelectrolytes  such  as  deoxy¬ 
ribonucleic  acid  (DNA),  gelatin,  polyacrylic  acid,  etc.,  and 

(ii)  dilute  and  concentrated  solutions  of  poly¬ 
isobutylene  and  polystyrene.  (For  non-Newtonian  flow  to  be 
observed  in  dilute  solutions  it  is  necessary  that  the  polymer 
molecules  have  a  very  high  molecular  weight.) 

Corresponding  to  these  two  groups  we  can  postulate 
two  distinct  mechanisms  for  non-Newtonian  flow.  In  the 
first  group  we  are  dealing  with  solutions  of  stiff  and 
asymmetric  molecules.  The  most  plausible  explanation  of 
their  non-Newtonian  behaviour,  then,  would  be  a  progressive 
orientation  of  the  molecules  in  flow  (Kuhn  (1932),  Peterlin 
(1938)).  In  the  second  case  we  are  dealing  with  flexible 
and  hence  deformable  molecules;  with  these  the  shear  depen¬ 
dence  of  the  viscosity  could  be  due  to  relaxation  processes 
in  the  Maxwell  sense. 

For  concentrated  solutions  it  is  more  difficult  to 
envisage  a  unique  mechanism,  but  with  either  of  the  two  types 
of  molecules  cited,  one  can  postulate  the  breakdown  or  for¬ 
mation  of  a  network-like  structure  in  flow.  As  Yamamoto 
(1958,  1957 ^  1958)  and  Lodge  (1953)  have  shown,  this  will 
lead  in  certain  instances  to  a  shear  dependent  coefficient 
of  viscosity. 

It  should  be  realised  that  one  can  formulate  the 
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observed  non-Newtonian  flow  in  both  cases  as  a  'relaxation1 
phenomenon.  In  the  first  case  we  have  a  progressive  orien¬ 
tation  of  the  molecules  by  the  shear  stress.  If  we  were  to 
remove  the  shear  stress  suddenly,  this  orientation  would 
disappear  within  a  certain  time,  characterized  by  a  'rela¬ 
xation  time'  which  will  depend  mainly  on  the  size  and  shape 
of  the  molecule.  In  the  second  case  we  are  dealing  with  a 
strained  liquid.  If  the  stress  is  removed,  the  strain  in¬ 
duced  by  the  stress  will  also  disappear.  The  relaxation 
time  associated  with  this  process  will  depend  mainly  on  the 
susceptibility  of  the  molecule  to  strain.  We  do  not  know 
from  mere  inspection  whether  this  relaxation  time  will  de¬ 
pend  on  the  size  and/or  shape  of  the  molecule,  but  we  may 
expect  the  deformation  to  change  the  shape  of  the  molecule. 
Hence  we  cannot,  a  priori,  exclude  orientation  of  the  mole¬ 
cules  as  contributing  to  the  non-Newtonian  "shear  viscosity" 
(i.e.  the  viscosity  characterizing  the  resistance  to  the 
shear  stress) . 

Up  to  now  we  have  restricted  non-Newtonian  flow 
to  systems  which  exhibit  a  variable  "shear  viscosity". 
Accidental  observations  showed  that  this  was  not  the  only 
non-Newtonian  phenomenon  which  could  occur  in  flowing  li¬ 
quids.  Merrington  (1943)  observed  that  a  jet  of  a  gasoline 
jelly  swelled  in  a  direction  normal  to  the  direction  of  flow. 
Weissenberg  (1947)  and  G-arner  and  Nissan  (1946)  found  simi¬ 
lar  'normal',  but  very  surprising,  phenomena.  For  a  pic¬ 
torial  summary  due  to  Weissenberg  see  Fig.  1.  One  of  the 
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more  curious  phenomena  Is  shown  In  Fig.  1,  sub.  4.  It  seems 
to  Indicate  that  one  can  fill  a  can  by  holding  it  upside  down 
in  a  rotating  container.  These  effects  are  most  readily  ob¬ 
served  in  very  viscous  liquids  such  as  paint,  condensed  milk, 
flamethrower  liquids  (gasoline  jellies)  and  concentrated 
solutions  of  polyisobutylene. 

Theories  of  these  effects  were  given  by  Weissenberg 
(1948),  Reiner  (1945,  1948)  and  Rivlin  (1948).  The  most 
important  element  in  these  theories  is  that  quantities  such 
as  shear  stress  and  velocity-gradient  are  vectors;  hence  in 
a  three  dimensional  description  they  should  be  treated  as 
tensors.  Reiner  showed  that  the  relationship  between  the 
stress  tensor  and  the  deformation  tensor  can  be  expressed  as: 

T :  stress  tensor 

T  =  -  pi  +  aD  +  pD2  D:  deformation  tensor  (1-9) 

pi:  isotropic  pressure 


where  a  and  (3  are  functions  of  the  invariants  of  D.  That 
equation  (1-9)  can  account  for  stresses  occurring  normal  to 
the  direction  of  shear  is  easily  verified  if  we  write  equa¬ 
tion  ( 1-9)  in  terms  of  its  components.  In  simple  shear 
the  deformation  tensor  can  be  written  in  matrix  form  as: 


K 


0  10 
10  0 
0  0  0 


and  its  square  as: 


10  0 
0  10 
0  0  0 


K:  magnitude  of  the 

shear  rate 


c  nv.o  3l  ' .  ■-  ;< :  M  o  „;0  cr.i 

J  £j  u  J  £  0.f  • 

$  n 9  f  ■>_;  -r j; V  00  ‘1  ■  3  fl 61  .1'  W I O £'.! 

-i  >  •  3  XT,.  -  '  '>-■  B 

■7.1 'L  ,X  '1C  D  'i  •  •  C  X  fcrf£'  'O  arU:;:'il'-f 


p ;il: 


12 


If  a.  and  (3  are  constants,  we  have: 

tll  =  t22  =  "  pI  +  t33  =  "  pI 


t12  "  t21  “  aK 

t23  =  t32  =  t13  =  t31  = 


(1-10) 


Hence  in  this  case  normal  stresses  occur,  even  though  the 
shear  viscosity  is  a  constant,  and  the  liquid  would  appear 
to  be  Newtonian  from  a  measurement  of  the  shear  viscosity. 
The  coefficient  (3  is  called  a  cross  coefficent,  a  "cross  - 
viscosity",  or  "cross-elasticity"  depending  on  whether  the 
stresses  are  expressed  in  terms  of  deformation  tensors  or 
strain  tensors.  Equations  such  as  (1-9)  are  called  rheolo¬ 
gical  equations  of  state.  Such  equations  should  contain  a 
complete  description  of  the  flow  behaviour  of  the  liquid. 

In  the  approximation  considered  (a  and  0  constants)  equa¬ 
tion  (1-9)  does  not  account  for  a  variable  coefficient  of 
viscosity.  Hence  equation  ( 1-9)  should  be  extended  to  in¬ 
clude  such  behaviour. 

From  what  has  been  said  about  the  causes  of  non- 
Newtonian  flow  it  is  not  at  all  obvious  how  such  an  exten¬ 
sion  might  be  made.  If  we  consider  non-Newtonian  flow  to 
be  due  to  an  orientation  effect,  we  should  express  the 
stresses  in  terms  of  the  appropriate  functions  of  the  velo¬ 
city-gradient,  which  in  simple  shear  can  be  related  to  a 
'deformation  tensor1  (Reiner  (13)  ).  If  however  we  also 
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have  to  consider  deformation  of  the  particles,  we  should  ex¬ 
press  the  stress  tensor  In  terms  of  the  corresponding  strain 
tensor.  In  other  words,  the  orientation  effect,  due  to  the 
fact  that  the  liquid  flows,  could  give  rise  to  normal  stresses 
because  of  1  cross-viscosity ' ,  and  deformation  could  give 
rise  to  normal  stresses  because  of  'cross-elasticity1  (Rivlin 
19^9)) . 

1-C  Considerations  leading  to  a  rheological  equation  of  state 

There  are  two  distinctly  different  ways  of  deriving 
a  rheological  equation  of  state,  one  axiomatic  (Rivlin  and 
Ericksen  (1955),  Noll  (1955),  Coleman  and  Noll  (1959)),  the 
other  on  the  basis  of  the  generalization  of  the  Maxwell  li¬ 
quid  (Oldroyd  (1950)).  We  will  first  discuss  the  generalised 
Maxwell  liquid.  The  treatment  is  wholly  due  to  Oldroyd  (1950, 
1958)) . 

Oldroyd  starts  with  the  equation: 

t1  +  +  t1-11) 


t|k :  deviatoric  part  of  the  stress  tensor 


eik:  deviatoric  part  of  the  rate  of  deformation  tensor 

dv. 


eik  ~  2  (vk,i  +  vi,k') 


v 


k,  i  Ox. 


k 


k  =  1,  2,  3 


A  ,  A  ^ 


relaxation  times 


Comparison  with  equation  (1-8)  shows  that  this  is  indeed  a 
generalization  of  the  Maxwell  liquid;  the  only  difference 
from  equation  (1-8)  is  that  strain  relaxation  is  considered 
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as  well  as  stress  relaxation.  As  it  stands  equation  (l-ll) 
is  ambiguous,,  since  we  have  not  specified  how  the  derivatives 
should  be  taken.  Inspection  of  (l-ll)  shows  that  we  have  to 
consider  two  kinds  of  derivatives  (Oldroyd  (1961)): 

a)  derivatives  with  respect  to  coordinates,  usually 
called  gradients.  In  general  we  can  write  for  the  gradient 
of  a  vector  (say  the  velocity) 


grad  "  =  vi,k  =  +  vi,k>  +  4<vi,k  -  vk,±)  =  eik  +  “±k 


(1-12) 

Hence  we  can  write  it  in  terms  of  a  symmetric  part  (for  which 
the  expression  does  not  change  if  we  interchange  the  sub¬ 
scripts  i  and  k)  and  an  anti- symmetric  part.  If  instead  of 
the  velocity  we  had  considered  a  displacement  gradient,,  we 
could  have  identified  the  symmetric  part  with  a  pure  defor¬ 
mation  and  the  anti- symmetric  part  with  a  rigid  rotation. 
Therefore  one  calls  e.,  the  rate  of  deformation  and  co.n  the 

ik  lk 

rate  of  rotation  or  vorticity  tensor. 

b)  derivatives  with  respect  to  time,  usually  called 
rates.  In  the  liquid  the  rates  of  deformation  (e^)  anc^ 
the  stresses  (t.,  )  are  functions  of  position  (i.e.  the 
cartesian  coordinates  x^) .  The  partial  time  derivative 
represents  a  rate  of  change  at  a  point  fixed  in  space. 

Since  our  equations  will  describe  a  material  element  of  the 
liquid  which  is  moving  with  velocity  v.,  the  partial  time 
derivative  will  not  be  suitable  to  describe  the  fate  of  this 
material  element.  We  could  instead  employ  a  total  time  de- 


. 

to-,  i  f,  %  .  J  :  o'  ,  -o:.9H 

•  r  n>  [  oor  -  ol  fro:; 

I?  0 

0; ■■  j  :  hi.  i  '..2  2 , :  .00  '  'VEO  0.10)00 

‘ 

c  ■  i  ■  o  ■■  aoi  :  m 

r 

,Vj  --  0  .  /  .  l  ,  ;  ,  ;  ■.  -1-  O'  o  -O',  i:I  .  :  :  nl>: 

. 


15 


rivative  as  used  in  classical  hydrodynamics,  defined  by: 


D_ 

Dt 


St  +  v 


3 

1  hx. 


+  V 


2  hx, 


+  v 


3  "5x^ 


(1-13) 


which  measures  the  rate  of  change  following  a  particle  of 
the  fluid.  When  applied  to  a  scalar  quantity  (temperature), 
this  derivative  does  indeed  measure  an  intrinsic  property 
of  the  medium.  But  the  quantities  we  are  concerned  with 
are  not  scalars  but  are  measured  with  respect  to  certain 
directions  in  space.  Hence  in  order  to  obtain  an  intrinsic 
property  of  a  material  element,  the  rate  of  change  must  be 
in  some  way  related  to  directions  which  rotate  with  the  ma¬ 
terial  element.  Oldroyd  (loc.  dt.)  therefore  considers  a  new 

(Sr 

kind  of  derivative  — r  ,  which  corrects  for  the  rotation  of 

T>  t 

the  material  element  as  measured  by  the  vorticity  components: 

^ik  ~  "2  ^Vk,i  -  vi,k^ 


as  well  as  for  the  translation,  measured  by  v^.  This  de¬ 
rivative  (for  e^)  can  be  written  as: 


t)  e. 


ik 


he 


&  t 


. ,  c>e  . , 

ik  ,  „  „  ik  .  v  ^  v 

w  +  *  vj  “sr:  +  ^  »ijeJk  +  2^ 


.e  .  . 

1  ij 


(1-14) 


d 


It  is  this  derivative  which  should  replace  in  equa¬ 
tion  (l-ll).  If  one  carries  out  this  substitution,  one 
finds  that  the  linearity  in  the  stresses  and  the  rate  of 
deformation  disappears  and  the  equation  becomes  non-linear. 

The  derivative  J=r  as  defined  above  is  called  a 
X>  t 


material  derivative. 
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Unfortunately  we  have  to  Introduce  one  more  com¬ 
plication.  One  can  look  on  equation  (l-l4)  In  the  following 
way:  Set  up  a  coordinate  system  with  respect  to  the  parti¬ 

cle.,  which  will  follow  this  particle  in  its  motion  and  will 
also  take  account  of  the  rate  of  deformation  of  the  parti¬ 
cle.  Such  a  coordinate  system  is  called  a  general  con- 
vected  coordinate  system.  Then  the  material  derivative 
defined  above  can  be  regarded  as  being  taken  in  the  rigid 
coordinate  system  which  at  time  t  coincides  with  the  general 
convected  coordinate  system  having  the  same  vorticity  and 
velocity  v^  as  the  typical  material  element  at  x^  that  is 
being  followed.  One  should  also  realise  that  equation  (l-l4) 
gives  the  components  of  the  rates  with  respect  to  a  fixed 
cartesian  coordinate  system  used  to  describe  the  position 

x .  . 

1 

In  dealing  with  deformable  particles  we  would 
however  like  a  derivative  defined  such  that  it  follows 
the  particle  in  the  fluid*  while  taking  into  account  the 
transitional  and  rotational  motion  of  the  particle*  and 
also  makes  allowance  for  the  rate  of  deformation.  (i.e. 
the  way  in  which  natural  measures  of  length  in  the  particle 
are  changing  with  time*  which  is  described  by  the  strain 
and  strain-rate  tensor.)  Deformation  is  most  commonly  des¬ 
cribed  in  terms  of  a  coordinate  transformation*  or  in  terms 
of  the  metric  tensor  associated  with  the  coordinate  system. 

If  the  deformation  changes*  so  will  the  metric  tensor.  It 
is  then  also  clear  that  we  can  still  work  with  the  material 
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derivative  as  defined  above,  if  we  take  into  account  that 
the  metric  tensor  of  the  general  convected  coordinate  system 
changes  in  time.  The  difficulty  that  arises  is  that  we  can 
choose  between  two  kinds  of  derivatives  of  the  components 
of  the  metric  tensor:  covariant  and  contravariant,  regard¬ 
less  of  whether  the  coordinate  system  is  cartesian  or  not. 
The  covariant  derivative  would  seem  to  be  applicable  at 
first  glance,  since  the  basis  vectors  of  a  coordinate  system 
transform  as  covariant  vectors .  As  it  turns  out,  this  is 
not  the  case.  It  must  be  emphasized  that  this  choice  would 
only  be  made  on  the  basis  of  experimental  data. 

Oldroyd  (1958)  arrives  at  the  result,  which  when 
written  out  in  components  for  simple  shear  flow,  is: 


11  = 

1 

1 — 1 
d. 

+ 

1 — 1 

r< 

Vl)F(K)  - 

( ^2  + 

22  = 

~  [  {\  ~  hj 

+  v1)F(K) 

-  (*2 

33  = 

-  [v-^K)  - 

v2n0U2  - 

p  ’  1 

12  = 

KF(K) 

K: 

13  = 

t^g  =  0 

^0  * 

F(K)  = 


n0(i  +  °2K  ) 

(1  +  c^K2) 


M-2  -  v2)r|0]K2  -  p '  ' 

-  M-2  +  v2)t|0]k2  -  p" 


shear  rate 


zero  shear  viscosity 


—  +  |J.q(|_i-|-  +  2  ^^)  —  ^l^^l  ~ 

o 

a2  —  ^1^2  ^  0  ( ^  2  —  "2  V2  ^  ~  ^1^^2  —  V2  ^ 


(1-15) 


The  question  of  covariance  and  contravariance  is 
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best  Illustrated  in  a  simple  example  due  to  Oldroyd  (1950). 

The  contravariant  case,  also  called  the  Oldroyd-Maxwell  li¬ 
quid  B,  is  given  if  one  puts  in  equation  (1-15) 

t\0  >  0  >  A2  =  p2  >  0  ix0  =  vx  =  v2  =  0  . 

Then 

tn  =  2(xi  ■  V^2  "  pl ' 

tg2  =  -  p ' 1  cr^  =  A2  -  A2  =  0 

t,o  =  -  P"  og  =  AgAg  -  A1Ag  =  0 

t12  =  KF  ( K)  =  T|qK  F(K)  =  (1-16) 


The  covariant  case,  an  Oldroyd-Maxwell  liquid  A,  is  obtained 
by  putting 

q0  >  0  >  A2  =  -  11 2  >  0  =  vi  =  v2  =  0  • 


Then 


tll  =  "  P“ 


al  =  °2  "  0 


t22  =  -  2(A2  -  A2)r)0K^  -  p 


1  1 


F(K)  =  q 


0 


fc33  =  -  p" 


t12  =  KF(K)  =  rinK 


0 


(1-17) 


Even  though  liquids  A  and  B  differ  only  by  what  at  first  ap¬ 
peared  to  be  an  arbitrary  choice  of  derivative,  the  predic¬ 
tions  of  the  fluid  behaviour  are  totally  different.  In 
liquid  B  one  is  left  with  an  additional  tension  in  the  direc¬ 
tion  of  flow;  in  liquid  A  with  an  additional  compression  in 
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the  direction  of  the  velocity  gradient.  If  liquid  B  were 
put  between  rotating  cylinders  then,  owing  to  the  tension 
in  the  direction  of  flow,  the  liquid  would  rise  at  the  inner 
cylinder.  If  liquid  A  were  put  between  rotating  cylinders, 
the  compression  would  force  the  liquid  to  rise  at  the  outer 
cylinder;  in  other  words  the  liquid  would  sink  at  the  inner 
cylinder.  Referring  now  to  experimental  results  obtained 
with  actual  liquids,  it  is  found  (Garner,  Nissan  and  Wood 
(1950),  Greensmith  and  Rivlin  (1953).*  Dewitt  _et  _al.  (1955)? 
and  Phillipoff  (1956))  that  in  practically  all  instances 
the  liquid  rises  at  the  inner  cylinder.  Hence  one  would 
expect  that  the  Oldroyd  liquid  B,  as  formulated  (for  which 
tn  >  0  anc^  ^22  =  ^33)  *  would  be  of  special  practical  sig¬ 
nificance  . 

The  second  method  of  deriving  a  rheological  equa¬ 
tion  of  state  is  the  axiomatic  method  proposed  by  Rivlin 
and  Ericksen  ( 1955 ) Noll  ( 1955 ) ^  and  Coleman  (1962).  It 
involves  two  assumptions  (Noll  (1955)): 

a)  Space  is  isotropic.  ’’This  means  that  in  space 
there  are  no  distinguished  positions  or  directions.  There¬ 
fore  the  constitutive  equation  (or  rheological  equation  of 
state)  of  a  material  can  involve  only  the  relative  positions 
of  the  material  points  and  not  their  absolute  position  in 
space.  Therefore  if  for  a  given  material  in  one  configura¬ 
tion  the  constitutive  equation  is  satisfied  and  if  we  con¬ 
sider  another  configuration  which  Is  identical  with  the 
first  except  for  position  and  orientation  in  space  at  each 
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instant,  then  the  constitutive  equation  must  be  satisfied 
also  for  the  second  configuration." 

b)  The  material  is  homogeneous  and  isotropic. 

A  material  is  homogeneous  if  it  does  not  matter  whether  we 
refer  its  constitutive  equation  to  one  reference  state 
X  =  gQ(P)  or  refer  it  to  any  other  reference  state  X  =  g  (P) 
obtained  by  a  translation: 

X  =  X  +  Y  =  gQ(P)  +  Y  =  gQ(P)  (1-18) 

A  material  is  isotropic  if  it  does  not  matter  whether  one 

refers  the  constitutive  equation  to  the  reference  state 

/  \  *  *  /  \ 

X  =  gQ(P)  or  to  a  reference  state  X  =  g  (P)  obtained  from 

X  =  g  (P)  by  a  rotation.  These  two  requirements  can  also 
be  stated  in  the  form  that  a  rigid  rotation  leaves  the  cons¬ 
titutive  equation  invariant,  or  that  all  motions  are  deter¬ 
mined  by  the  rheological  equation  of  state  up  to  a  rigid 
rotation  (Rivlin  and  Ericksen  (1955)). 

The  problem  now  is  reduced  to  the  derivation  of 
expressions  that  have  the  appropriate  invariance  with  res¬ 
pect  to  a  rigid  rotation.  (Rivlin  and  Ericksen  (1955) j  also 
Thomas  (6)).  From  the  discussion  of  the  material  deriva¬ 
tive  and  the  convected  derivative  by  Oldroyd  (loc.  cit.)  it 
would  also  appear  that  the  rheological  equations  of  state 
could  be  much  simplified  if  from  the  outset  one  were  to  asso¬ 
ciate  with  the  material  element  (or  particle)  a  rotating  co¬ 
ordinate  system,  and  refer  the  deformation  tensors  to  this 
coordinate  system.  According  to  the  assumptions  of  isotropy 
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this  would  leave  the  relationship  between  the  stress  tensor 
and  deformation  tensor  unchanged  if  we  transform  from  the 
rotating  coordinate  system  to  the  fixed  (or  laboratory)  co¬ 
ordinate  system.  One  then  has  to  prove  that  the  rate  of 
rotation  of  the  rotating  coordinate  system  is  correctly 
given  by  the  vorticity.  This  proof  has  been  given  by  Riv- 
lin  and  Ericksen  (1955). 

For  incompressible  liquids  the  final  equation 
obtained  by  Rivlin  and  Ericksen  is: 

T  =  -  pi  +  d-^A^  a2^2  ^3^  1  a'4'^2  a5^AlA2  ^2A1  ^ 

+  ag(A^A^  +  A^A^)  +  ctrj{  A^A^  +  A2A-^) 

+  agtA^Ag  +  AgA^)  (1-19) 


T:  stress  matrix 

M . 


Aii 


A. 


the  Rivlin  and  Ericksen  deformation  tensors 
^  Sv  d  v 

ij 


matrix  of  A;  ^ 

J 


A, 


a. 


(2)  Sa(1) 
matrix  of  A.  .  =  — ^ 

ij  ot 


dA: ^  / , \  dv  5v 

+  V.  -^L-  +  aR>  -rJS  +  aR)  -UB 

i  dXg  mi  ox^.  mj  ox^ 


,  .  scalar  function  of  the  invariants  of  A-,  and  AOJ  up  to 
h  1  2  ^ 

an  arbitrary  degree 
Or  in  more  condensed  notation: 


A-l  =  =  (Vv  +  W) 


te™ 


A2  “  e(2)  ~  t>  t 


De 


(1) 


Dt 


+  (e 


U).  vv  +  vV .  e  ^ 1  ^  ) 


,  '  '  r  ' 


)  \  ,• 
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The  result  obtained  for  rectilinear  flow  between 


parallel  plates,  characterized  as: 

V-L  =  K  x2  ;  v2  =  V3  =  0 

leads  to: 

0  0  0 
0  2K2  0 
0  0  0 


A1  = 


0  K  0 
K  0  0 
0  0  0 


= 


A  =  0  for  r  >  2 
r 

Written  out  in  components  we  have  (Rivlin  ( 1956) ) : 

p 

t-^2.  =  ~  P  + 

t£2  =  -  p  +  K  [  ( 2«2  +  ct^)  +  ^  +  cx^)K  +  8agK  ] 

t33  =  -  P 

t12  =  Kta-^  +  2otK2  +  4a,K4  ] 

t3l  =  *23  =  0  U-20) 

It  is  seen  that  the  rheological  equations  of  state  derived 
by  Oldroyd  and  Rivlin  and  Ericksen  lead  to  similar  conclu¬ 
sions:  in  general  all  the  normal  stresses  are  different  and 
the  shear  viscosity  depends  on  the  shear  rate .  Hence  we 
have  arrived  at  our  desired  end  result,  that  is,  an  equa¬ 
tion  which  will  describe  non-Newtonian  flow  as  observed  in 
shear,  taking  into  account  also  possible  normal  stresses. 

We  still  however  do  not  have  any  information  as  to  the  va¬ 
lues  of  the  coefficients  or  the  relaxation  times.;  some  of 
them,  or  some  combinations  of  them,  may  be  zero  (Oldroyd 


tfi.’ei  .-jo  ‘i!  a  : 

. 

.  y  n.  s a  "t  <  /  1 j:  j/jetv 

u  ¥  ■  ■  a  o  ; i  .  ■  j  .  v.sfs 

■  '  i  ■  ,  lr  •  . 


23 


(1958)  and  Giesekus  (1962a)). 

As  is  evident  from  the  two  derivations  of  the 
rheological  equations  of  state,,  no  reference  Is  made  at  all 
to  a  distinct  mechanism  responsible  for  the  occurence  of 
the  normal  stresses.  The  Oldroyd  equations  are  expressed 
in  terms  of  relaxation  times,,  but  do  not  necessarily  refer 
to  elastic  or  inelastic  processes.  Coleman  (1962)  was  able 
to  show  that  the  Rivlin  and  Ericksen  equations  do  not  allow 
for  a  gradual  stress  relaxation;  only  in  the  approximation 
of  slow  motions  are  the  Rivlin  and  Ericksen  equations  exact 
for  'elastic1  liquids.  For  'inelastic'  liquids  these 
equations  are  exact  for  most  of  the  commonly  obtainable 
flows  (Anfor  n  ^  3  are  zero  for  these  flows) .  Coleman  and 
Noll  (1961)  did.,  however ,  extend  these  rheological  equa¬ 
tions  of  state  to  include  stress  relaxation  by  means  of 
suitably  constructed  memory  functions. 

In  order  to  obtain  more  insight  into  the  struc¬ 
ture  of  the  rheological  equations  of  state*  it  is  there¬ 
fore  better  to  complement  these  equations  with  a  priori 
calculations  of  the  stresses  occurring  in  certain  model 
liquids.  Such  calculations  have  been  given  by  Yamamoto 
(1956,  1957 j  1958)  and  Lodge  (1953)  for  entangled  networks. 
More  interesting  for  our  purpose  are  the  investigations  by 
Giesekus  (1956,  1958,  1961,  1962b.)  on  model  suspensions  of 
rigid  spheres,  rigid  and  flexible  dumbells,  rigid  rods  and 
rigid  ellipsoids. 
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Giesekus  (1962a)  shows  that  the  Oldroyd-Maxwell 
liquid  B  (usually  called  a  Weissenberg  liquid)  is  indeed  the 
preferred  starting  point  in  the  construction  of  rheological 
equations  of  state  for  suspensions.  We  will  discuss  the 
equations  obtained  by  Giesekus  in  detail  in  Chapter  3*  after 
having  established  in  Chapter  2  to  what  extent  his  .model 
suspensions  are  relevant  to  the  flow  behaviour  of  polymer 
solutions . 

The  results  can  be  summarised  as  follows.  Non- 
Newtonian  flow  phenomena  are  not  restricted  to  a  variable 
coefficient  of  viscosity.  In  general,,  additional  ‘normal 
stresses'  are  needed  to  sustain  a  simple  shear  flow.  It 
is  possible  to  derive  'rheological  equations  of  state' 
which  prescribe  the  form  of  the  stress  -  shear  rate  re¬ 
lationships.  From  the  structure  of  these  equations  it 
appears  that  one  obtains  a  non-Newtonian  coefficient  of 
viscosity  in  those  liquids  which  also  exhibit  normal 
stresses.  As  to  our  earlier  speculations  about  non- 
Newtonian  flow  being  accompanied  by  'cross-viscosity' 
(inelastic  liquids)  or  by  'cross-elasticity'  (elastic  li¬ 
quids)  ^  we  may  expect  the  Rivlin  and  Ericksen  equations  to 
represent  inelastic  liquids  and  the  Oldroyd  equations  to 
describe  any  liquid  in  which  stress  relaxation  (or  strain 
relaxation)  can  occur.  An  example  of  an  inelastic  liquid 
in  which  all  normal  stresses  occur  and  which  also  has  a 
non-Newtonian  shear  viscosity  is  a  suspension  of  rigid  el¬ 
lipsoids  (Giesekus  (1962b)).  An  example  of  an  elastic 
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liquid  would  be  a  very  concentrated  solution  of  a  flexible 
polymer  such  as  polyisobutylene  (Markovltz  in  (17)  page  133). 

To  complete  the  treatment  of  non-Newtonian  li¬ 
quids  we  should  give  an  outline  of  the  derivation  of  the 
rheological  equation  of  state  of  a  purely  elastic  liquid. 

Such  theories  were  developed  by  Rivlin  (1948).,  Reiner  (1948)* 
and  Mooney  ( 1940) .  In  an  elastic  liquid  the  shear  stress 
is  assumed  to  distort  the  immediate  environment  of  a  mate¬ 
rial  point  in  the  liquid.  This  distortion  will  give  rise 
to  an  amount  of  strain  in  the  liquid.  Since  there  is  no 
unique  way  of  defining  a  distortion  or  strain  -  it  will  In¬ 
volve  some  function  of  the  length  of  a  characteristic  ele¬ 
ment  In  the  stressed  and  unstressed  state  of  the  liquid 
which  however  might  be  a  difference  In  lengths*  a  ratio  of 
these  lengths  or  a  ratio  of  these  lengths  plus  or  minus 
unity  -  the  detailed  expressions  relating  the  stress  tensor 
to  the  strain  tensor  will  be  different  (Reiner  ( 13) ) . 

However*  one  can  proceed  in  a  different  manner  by 
means  of  the  strain  energy  function.  It  can  be  shown 
(Rivlin  in  ( 14)  page  351) *  from  the  concept  of  an  ideal 
elastic  solid  (i.e,  one  In  which  energy  cannot  be  dissipated)* 
that  its  physical  properties*  which  are  relevant  to  the 
determination  of  Isothermal  deformation  characteristics  for 
the  material*  may  be  described  by  means  of  a  strain  energy 
function  (or  Helmholtz  free  energy  of  deformation  per  unit 
volume  In  the  undeformed  state)  which  is  a  single  valued 
function  of  the  state  of  deformation.  Rivlin  (loc.  cit.)  now 
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expresses  the  stress  tensor  in  terms  of  the  strain  energy 
function,  which  in  its  turn  is  a  function  of  the  strain  ten¬ 
sor.  The  question  as  to  which  measure  of  strain  is  to  be 
used  is  answered  to  the  extent  that,  in  formulating  the 
strain  energy  function  in  terms  of  the  strain  tensor,  the 
appropriate  measure  arises  naturally.  The  final  equations 
for  simple  shear  in  an  incompressible  material  are  (Rivlin 
( loc  .  cit . ) )  : 


'11 


-  2K 


dW 

^1 


-  P 


1 


'12 


=  2K 


6w  8w 


'22 


=  -  2K 


2  6w 


-  p* 


-pi  =  -  p  +  2 


8w 

~$T. 


c>W 

~5T, 


^33  =  “  P1  W:  strain  energy  function 

I-,,  Ip :  invariants  of  the  strain 
tensor 

(1-21) 

The  importance  of  these  equations  lies  in  the 
fact  that  for  rubbery  materials  the  strain  energy  function 
can  be  calculated  by  means  of  the  theory  of  rubber  elasti¬ 
city  (Treloar  (  8  )  and  Flory  (4  )).  In  Chapter  3  we  will 
discuss  in  more  detail  these  equations  and  their  relevance 
to  the  deformation  of  polymer  molecules. 

The  rheological  equations  of  state,  as  established 
on  strictly  phenomenological  grounds  only,  suggest  that  an 
astonishingly  varied  flow  behaviour  can  occur  in  non- 
Newtonian  systems.  Fortunately  there  are  also  theories 
available  (Giesekus  (1962a))  from  which  one  can  ascertain 
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to  what  extent  the  rheological  equations  of  state  apply  to 
dilute  polymer  solutions.  To  this  end  we  will  now  first 
discuss  the  configuration  of  polymer  molecules  in  flow  be¬ 
fore  trying  to  treat  the  shear  dependence  of  the  intrinsic 
viscosity  of  polymer  molecules  in  terms  of  the  theory  des¬ 
cribed  in  this  chapter. 


. 
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Chapter  2 

THE  INTRINSIC  VISCOSITY  OF  POLYMER  MOLECULES 

2- A  Introduction 

In  this  chapter  we  will  discuss  the  limiting  flow 
behaviour  of  polymer  molecules  in  solution.  Insofar  as 
polymer  molecules  can  be  regarded  as  discrete  particles 
with  a  certain  shape  and  size,,  we  could  apply  the  older 
theories  (Einstein  (1906,  1911)*  Jeffery  (1923)*  Kuhn  (193^)) 
dealing  with  rigid,,  impenetrable  particles  of  arbitrary 
shape  (spheres,,  ellipsoids  and  rods).  These  theories  have 
been  particularly  successful  in  accounting  for  the  limiting 
viscosity  of  solutions  of  protein  molecules  (Poison  (1939)* 
Mehl,  Oncley  and  Simha  (19^0)  ).  At  first  glance  this  seems 
over  optimistic,  since  polymer  .molecules  are  not  always 
rigid.  From  the  theories  of  rigid  particles,,  however,  one 
can  Infer  that  the  shape  of  the  molecule  will  be  the  most  im¬ 
portant  factor  determining  the  limiting  viscosity.  It  then 
follows,  for  flexible  molecules,  that  as  long  as  one  can  de¬ 
fine  an  average  shape,  the  shape  factor  will  be  given  cor¬ 
rectly  by  the  rigid  particle  theories.  The  other  considera¬ 
tion  would  be  whether  or  not  flexible  molecules  are  impene¬ 
trable  to  solvent.  We  can  rephrase  this  question  by  asking 
whether  or  not  the  solvent  can  flow  through  the  molecule.  If 
it  can,  we  would  have  to  calculate  the  hydrodynamic  inter¬ 
action  between  various  parts  of  the  molecule  itself.  Since 
the  rigid  particle  theories  exclude  hydrodynamic  interaction 
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within  the  molecules  this  possibility  must  be  investigated 
separately.  The  theory  of  the  limiting  viscosity  of  polymer 
molecules  in  solution  can  therefore  be  divided  into  two  parts: 

(i)  a  theory  of  average  shape  (or  configuration) 
(ii)  a  theory  dealing  with  the  effect  of  hydrodyna¬ 
mic  interaction  within  the  polymer  molecule. 


2-B  Definition  of  the  intrinsic  viscosity 

Experimentally  it  is  found  that  the  viscosity  of 
suspensions  and  solutions  depend  markedly  on  specific  proper¬ 
ties  of  the  solute  molecule.,  such  as  its  size  and  shape.,  or 
whether  it  is  neutral  or  carries  electric  charges  etc.  A 
useful  measure  of  these  effects  is  the  quantity  called  the 
intrinsic  viscosity.  It  arises  naturally  if  we  write  the 
viscosity  of  the  solution  in  terms  of  a  power  expansion  of 
the  concentration  of  the  solute: 


2  *3 

t\  =  t|q  [  1  +  a^c  +  a2c  +  a^e-3  +  .  . 


T)  :  viscosity  of 
the  solution 

r]  :  viscosity  of 
the  solvent 


c :  concentration 

(2-1) 

In  order  to  get  a  quantity  independent  of  the  viscosity  of 
the  solvent ,  we  rearrange  equation  (2-1)  to: 

(2-2) 


r\  _  2  3 

-1=^-1  =  qor^  =  anc  +  aQc  +  a^c 


0 


sp  1 


r)  :  relative  viscosity 


r)  :  specific  vi: 


sp 


cosity 


Note  that  and  are  dimensionless.  Dividing  by  the 
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concentration  of  the  solute,,  and  restricting  ourselves  to 
dilute  solutions,  we  obtain: 


a  + 


&2C 


(2-3a) 


or 


[t]  ]  +  a2c  =  [  r|  ] 


+  k1  [r]] 


2 


c 


[r\  ]  :  intrinsic 
viscosity 

11m  /^SPs 
c  -e>  0  '  c  ' 


k':  interaction  constant 


(2- 3b) 

in  which  we  can  express  the  concentration  dependent  term, 
following  Huggins  (19^2)  as:  k 1  [  ]  c  .  The  coefficient  k' 
can  be  calculated  if  the  interaction  between  the  solute  mo¬ 
lecules  is  governed  by  collisions  only.  It  is  found  to  be 
of  the  order  of  0.6  -  2.50  (Frisch  and  Slmha  in  (14  )  ) ,  depen¬ 
ding  on  the  flexibility  and  shape  of  the  molecule.  Experi¬ 
mentally  its  value  is  found  to  be  about  0.50  for  solutions 
of  flexible  molecules.  Actually,  it  is  obvious  that  in  an 

appropriate  (low)  concentration  range  ^sp  will  be  linear  in 

c 

the  concentration,  hence  [r]]  can  always  be  determined  by 

means  of  a  linear  extrapolation  of  a  plot  of  ^sp  vs  c. 

c 

As  defined  above,  the  intrinsic  viscosity  has 
the  dimensions  of  a  volume  per  unit  weight.  These  dimensions 
are  somewhat  arbitrary,  since  they  clearly  depend  on  the  par¬ 
ticular  unit  of  concentration  chosen.  Had  we  expressed  the 
concentration  as  a  volume  fraction  cp,  the  quotient  ^sp 
would  have  been  dimensionless.  Since  theoretically  the  lat- 
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ter  method  of  expressing  concentration  Is  more  convenient, 

the  International  Union  of  Pure  and  Applied  Chemistry  has 

recommended  use  of  the  quantity  11m  r\  /cp  with  the  name 

c->  0  sp 

"limiting  viscosity  number" .  Therefore,  If  the  concentra¬ 
tion  is  expressed  as  a  volume  fraction  we  will  denote  the 

limiting  value  of  ^sp  by  ]  r\  \  and  refer  to  It  as  limiting 

cp  ^  ' 

viscosity  number.  The  experimental  quantity  lim  q  /c  , 

c-*0  SP' 

with  concentration  units  of  grn/dl,  will  be  denoted  by  [r\] 
and  be  referred  to  as  intrinsic  viscosity. 

For  certain  model  particles  the  limiting  viscosity 
number  can  be  calculated  theoretically.  Substitution  for 
the  volume  fraction  in  accordance  with  the  equation: 

nP 

np  „  — :  no.  of  molecules  of 

T  =  (v^)ve  =  Joom  Ve  (2- 4a)  "  solute/volume 

V  :  geometric  volume  of 
the  solute 


c:  concentration  in  units 

of  grn/dl 

N :  Avogadro ! s  number 

M:  molecular  weight  of  the  solute;  p:  density  of 

the  solute 

will  give  us  expressions  for  the  intrinsic  viscosity,  which 
is  the  quantity  experimentally  measured. 


c  —  2 

cp  =  -  x  10  ^ 

P 


( 2-4b ) 


2-C  Theories  of  the  limiting  viscosity  number 

The  first  theory  of  the  limiting  viscosity  number 
is  due  to  Einstein  (1906,  191l)j,  who  treated  the  case  of  a 
rigid  spherical  particle.  He  found  j q 


to  be  the  same  for 


3W 


:  :  1 
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all  spherical, and  rigid  particles,  regardless  of  size: 


2-5) 


This  is  not  so  surprising  since  one  calculates  the  distur¬ 
bance  of  the  flow  of  the  solvent  due  to  the  presence  of  the 
particle,  and  this  disturbance  will  be  determined  mainly  by 
the  shape  of  the  particle. 

For  rigid  ellipsoids  similar  calculations  were 
made  by  Jeffery  (1923)*  whose  calculations  were  later  amended 
by  Peterlin  (1938,  1939)*  Simha  (1940,  1945),  Kuhn  and  Kuhn 
(1945)*  and  by  Saito  (1951)  who  also  included  a  contribution 
due  to  the  Brownian  motion,  this  correction  being  necessary 
if  the  particles  are  not  of  macroscopic  size.  As  expected, 
the  limiting  viscosity  number  depends  on  the  axial  ratio  of 
the  ellipsoids,  and  is  the  same  for  all  ellipsoids  of  the 
same  axial  ratio.  The  results,  corrected  for  Brownian 
motion,  are: 

M  =  2 -5  +  4  -  1)  -  0-628  [-^-(-I-o-.-oTS  °<P<1 


^n]  =  2.5  +  0.4075(p  -  l)1-508 


1<P<15 


=  1.6  + 


P 


1 

3(ln2p  -  1.5) 


+ 


P 


>  15 


p:  axial  ratio 


(2-6) 


Similar  expressions  are  available  for  rigid  rods  and  dumbells 
(Frisch  and  Simha  in  (l4  )  )  . 

From  these  expressions  it  is  clear  why  the  volume 
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fraction  is  theoretically  the  more  convenient  unit  of  concen¬ 
tration.  Experimentally  of  course  it  is  not,  for  to  calcu¬ 
late  cp  we  must  have  information  usually  not  available,  such 
as  shape  and  molecular  weight  or,  alternatively,  the  density 
of  the  molecules  in  the  particular  solvent. 

Substituting  for  the  volume  fraction  in  equations 
(2-6),  we  obtain  a  general  expression  for  the  intrinsic 
viscosity: 

hi  =T5olVf(p)  f(p):  b)  (2_7) 

Thus  the  intrinsic  viscosity  is  a  function  of  the  geometric 
volume  times  a  shape  factor,  divided  by  the  molecular  weight. 
Since  we  can  always  express  the  geometric  volume  in  terms 
of  a  ’radius1  cubed,  we  also  see  that  the  product  of  the  in¬ 
trinsic  viscosity  and  molecular  weight  is  proportional  to 
the  product  of  a  radius  cubed  and  a  shape  factor,  or 

[r)]M  (radius )  ^f  (p)  (2-8) 

Unfortunately,  this  product  is  not  unique,  even  for  rigid 
particles.  In  dealing  with  polymer  molecules  we  should  al¬ 
low  for  flexibility  of  the  molecule.  Moreover,  if  the  seg¬ 
ments  of  the  polymer  molecule  form  an  'open*  structure,  one 
could  imagine  the  polymer  molecule  being  replaced  by  a 
swarm  of  'centers  of  resistance'  all  interfering  with  one 
another.  This  assembly,  even  if  spherical  in  shape,  would 
have  a  friction  coefficient  and  effective  radius  very  differ¬ 
ent  from  that  of  a  rigid  impenetrable  sphere,  of  the  same 


volume . 
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We  can  therefore  conclude  that  the  Intrinsic  vis¬ 
cosity  Is  not  simply  related  to  the  volume,  even  though  It 
has  dimensions  of  a  volume.  It  is  better  regarded  as  an 
equivalent  hydrodynamic  volume,  which  is  a  complicated  func¬ 
tion  of  shape,  molecular  weight  and  frictional  behaviour  of 
the  molecule.  In  order  to  make  sense  of  it  we  need  a  theory 
of  the  shapes  to  be  expected,  a  method  of  determining  mole¬ 
cular  weight  independently,  and  a  theory  of  frictional  be¬ 
haviour  or  hydrodynamic  interaction.  In  our  discussion  we 
will  take  for  granted  that  the  molecular  weight  can  be 
determined  independently.  A  discussion  of  the  methods  for 
doing  so  may  be  found  in  readily  available  textbooks  (Plory 
( 4  ) *  Tanf ord  (  5  ) ,  and  Tompa  ( 6  ) ) . 

2 -D  Theories  of  the  intrinsic  viscosity  of  polymer  molecules 

This  discussion  will  be  essentially  a  summary  of 
the  more  detailed  discussions  given  by  Flory  (  4  ),  Tompa  (  6  ), 
Hermans  (10)  and  Peterlin  (1957.>  1959.,  19^1 )  to  which  the 
reader  is  referred  for  extensive  references  to  earlier  work 
and  for  the  historical  development  of  the  theory. 

To  begin  with,  picture  a  polymer  molecule  as  a 
string  of  beads,  each  representing  a  'mer 1  or  segment,  joined 
by  loosely- jointed  links  (analogous  to  a  pearl-necklace). 

At  first  we  will  assume  that  the  direction  of  a  link  in  space 
is  not  influenced  in  any  way  by  the  direction  of  any  other 
link.  We  now  ask  for  the  average  extension  in  space  of  the 
pearl-necklace.  The  problem  as  formulated  is  identical  to 


. 

■ 


.  >  •.  :  -5 30'.  r  .%■. 


35 


a  three-dimensional  random  walk  with  the  segment  analogous 
to  a  step  on  the  walk.  The  solution,  in  terms  of  the  proba¬ 
bility  that  the  end  point  of  the  molecule  is  at  a  distance 


between  h  and  h  +  dh  from  the  origin,  can  be  written  as 


“<»>“  ■  ^3  (3) 


exp 


3h‘ 


2rb 


0  ) 


h2dh 


(2-9) 


r  :  no .  of  links ; 


bQ:  length  of  a  link 


with  the  assumption  that  h  «  rbQ.  From  this  probability  we 

can  calculate  the  average  end-to-end  distance  and  the  root- 

mean-square  end-to-end  distance  as: 

00  00  2  1/2 

/  hW(h)dh  and  [/  h  w(h)dh  ] 

0  0 


to  obtain: 

<h>  =  =  0.923r1/2  bQ 

<h2>  /  =  r1/2  bQ 


(2-10) 


The  last  result,  namely  that  the  r.m.s.  distance  of  the  end 
point  from  the  starting  point  in  a  random  flight  is  propor¬ 
tional  to  the  square  root  of  the  number  of  steps,  is  inter¬ 
esting  in  that  it  shows  that,  if  this  r.m.s.  value  is  taken 
as  the  measure  of  the  average  radius  of  the  molecule,  this 
radius  would  be  proportional  to  the  square  root  of  the  mole¬ 
cular  weight. 

The  random  walk  model  is  of  course  an  idealization. 
We  assumed  that  the  relative  orientations  of  the  segments 
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are  independent  one  of  another.  This  is  certainly  Incorrect 
because  of  valence  bond  restrictions  and  rotational  barriers. 
It  can  however  be  shown  that  the  incorrectness  of  this  as¬ 
sumption  does  not  affect  the  statistics  if  the  number  of 
steps  is  sufficiently  large,  provided  one  introduces  an 
'effective1  length  b,  defined  by  the  expression: 


v,2  ^2  1  +  cos0  1+6 

~  0  1  -  cos©  1-6 


2ir 

f  dO  cosO  exp(-W/kT) 


f  dO  exp(-W/kT) 

0 

Note :  only  valid  if  0  ^ 90° 


0:  valency  angle 

6:  effect  of  restricted 

rotation 

(2-lla) 

W  =  W(o):  energy  corres¬ 
ponding  to  the 
energy  barriers  restricting 
free  rotation 

(2-llb) 


Moreover  the  statistics  are  the  same  even  if  the  individual 
steps  are  not  of  equal  length  but  are  themselves  distributed 
according  to  a  Gaussian  distribution,  with  b  as  the  r.m.s.- 
value .  The  formulae  break  down  however,  if  the  number  of 
segments  -  "steps"  in  the  random  walk  -  is  not  sufficiently 
large . 

We  can  conclude  that  under  rather  general  assump¬ 
tions  (rigid  or  elastic  links,  restricted  orientation  and 
restricted  rotation  around  a  valence  bond)  the  distribution 
in  space  of  a  large  number  of  connected  segments  can  be 
represented  by  a  spherically  symmetrical  Gaussian  function. 
This  function  can  be  characterised  by  either  of  two  related 
parameters,  the  r.m.s.  end-to-end  distance,  or  the  radius  of 
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gyration,  which  is  the  r.m.s.  distance  of  the  segments  from 
the  centre  of  mass.  For  a  Gaussian  distribution,  these  para¬ 
meters  are  related  as  follows: 

<h2>  =  6  <R2>  (2-12) 

In  the  foregoing  discussion  we  have  treated  the 
molecule  as  though  it  was  present  all  by  itself  in  a  vacuum. 
We  would  like,  however,  to  treat  the  configuration  of  the 
molecule  in  the  presence  of  a  low  molecular  weight  solvent, 
which  may  or  may  not  interact  with  the  polymer  segments. 

If  there  were  a  strong  attraction  between  segments  and  sol¬ 
vent  molecules,  the  extension  in  space  of  the  polymer  mole¬ 
cule  would  be  greater  than  if  it  were  present  all  by  itself. 
We  can  treat  this  effect  by  a  device  first  employed  by 
Kuhn  (193^-).  The  principle  is  very  similar  to  the  one 
which  is  used  to  take  into  account  the  restrictions  imposed 
by  the  preferred  direction  of  and  hindered  rotation  around 
valence  bonds.  Instead  of  defining  an  'effective'  segment 
length,  Kuhn  replaces  the  molecule  by  a  set  of  N  links  of 
length  A  in  such  a  manner  that  the  orientation  in  space  of 
any  of  these  links  can  be  considered  independent  that  of  any 
other,  and  requires  that  this  set  of  links,  called  statis¬ 
tical  chain  elements,  have  the  same  fully  stretched  length  as 
the  original  molecule.  Again  it  is  found  that  Gaussian 
statistics  are  valid.  Comparison  with  the  dimensions  of 
the  original  molecule  shows  that  the  following  relationships 


hold : 
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and 


o  p 

<h‘">  =  NA 


2  2 
NA^  =  b  r 


(2-13) 


Hence  any  statistical  average  obtained  by  the  Kuhn  model  can 

be  translated  in  terms  of  monomer  units  by  simply  replacing 
2  2 

NA  by  b  r .  This  result  will  be  exact  if  the  average  con¬ 
sidered  is  the  average  square  of  a  linear  dimension  (Hermans 
(10))  . 

We  are  therefore  forced  to  conclude  that.,  on  the 
average.,  the  shape  of  a  polymer  molecule  is  spherical  even 
in  the  presence  of  strong  solvent  interaction. 

There  is,  however,  a  serious  oversight  in  this 
treatment.  Nowhere  have  we  taken  into  account  that  a  seg¬ 
ment  has  a  finite  volume  and  that  a  connected  set  of  seg¬ 
ments  differs  from  a  sequence  of  random  steps  to  the  extent 
that  if  a  certain  place  is  occupied  by  one  segment  it  cannot 
be  occupied  again  by  another  segment.  The  result  of  these 
restrictions  is  that  for  a  given  segment  a  large  volume  is 
not  available  for  occupation,  is  inaccessible  or  is  "exclu¬ 
ded"  .  How  this  excluded  volume  influences  the  configuration 
of  the  polymer  molecule  is  a  difficult  matter,  which  only 
recently  has  been  clarified  (Flory  [19^9)  >  Hermans  (1950), 
Fixman  (1955)  .>  and  Stockmayer  (i960)). 

In  order  to  get  an  estimate  of  the  effect  of  exclu¬ 
ded  volume  we  have  to  make  some  assumptions.  If  the  Kuhn 
model  is  correct,  then  no  matter  how  strong  the  interaction 
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with  solvent,  the  molecule  can  still  be  described,  In  terms  of 
a  Gaussian  function,  which  means  that  the  average  extension 
of  the  molecule  is  given  by  a  sphere .  An  obvious  measure 
of  solvent  interaction  is  the  free  energy  of  mixing.  The 
extension  of  the  molecule,  due  to  solvent  interaction, 
cannot  be  without  limit  and  will  be  restricted  by  the  confi¬ 
gurational  entropy  of  the  connected  segments. 

To  see  this  more  clearly  (Hermans  (10)):  In  the 
random  walk  model  the  internal  energy  of  the  system  of  seg¬ 
ments  is  supposed  to  be  independent  of  the  end-to-end 
distances,  provided  the  number  of  segments  is  large.  Since 
the  distribution  function  W(h)  is  proportional  to  the  number 
of  configurations  for  a  given  value  of  h,  we  may  attribute 
a  configurational  entropy: 

s  =  k  In  W ( h)  =  -  k(3/2NA2)h2  (2-14) 

or  a  free  energy: 

f  =  kT ( 3/2NA2 ) h2  (2-15) 

to  a  molecule  whose  end-to-end  distance  is  h.  We  can  also 
interpret  this  as  meaning  that  the  molecule  behaves  as  a 
spring  with  a  force  constant  of  magnitude 

2kT ( 3/2NA2 )  =  3kT/<h2>  . 

Hence  we  may  conclude  that  the  deformation  of  the  molecule 

will  be  opposed  by  elastic  forces  which  are  of  the  order  of 
o 

3kT/<hQ>  times  the  change  in  linear  dimensions. 

On  the  basis  of  essentially  these  assumptions  Flory 
and  Fox  (1951a,  b)  were  able  to  derive  from  thermodynamic 


;-.j  ©0,0 

o  or;©." 

.0  e' 

tl 

■c:  o::  ;)3aoqi'jX 

...  i;o‘x  :  ■  !':■  'W  to  ,■< 


40 


considerations  alone  the  average  expansion  of  a  polymer  mole¬ 
cule  in  a  solvent.  This  expansion  is  given  by: 

co  o  -l  /?  f-i  :  entropy  of  dilu- 

aJ  -  aD  -  2Cjyj^i  ( 1  -  -j^)M  '  tion  parameter 

0:  characteristic 

temperature 

M:  molecular  weight  ;  :  constant  of  the  order  of  unity 

(2-16) 

where  a  is  a  measure  of  the  uniform  expansion  of  the  molecule 
due  to  both  thermodynamic  interaction  with  solvent  and  ex¬ 
cluded  volume,  and  can  be  defined  as: 

a  _  R_  R:  r.m.s.  radius  of  the  coil  with 

~~  solvent  interaction 

R^ :  r.m.s.  radius  of  the  coil  without 

solvent  interaction. 

The  important  consequence  of  equation  (2-l6)  is  that  for  a 
given  solvent  there  exists  a  temperature  T  =  0,  at  which 
a  =  1.  Tracing  our  discussion  back,,  this  means  that  there 
is  no  need  for  ’statistical  chain  elements'  in  the  Kuhn 
sense,  and  that  the  configuration  of  the  polymer  molecule 
will  be  ’unperturbed’  by  solvent  and  excluded  volume  effects 
(other  than  those  of  restricted  rotation  and  valence  bond 
angles) .  This  then  also  means  that  Gaussian  statistics 
apply  rigorously,  and  that  the  molecule  can  be  represented 
by  an  equivalent  sphere. 

The  expression  for  the  intrinsic  viscosity  follows 
readily.  Since  the  molecule  is  spherical  and,  by  assumption, 
remains  so  if  it  expands  in  any  arbitrary  solvent,  we  can 
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use  the  Einstein  shape  factor.  The  radius  of  the  equivalent 
Einstein  sphere  can  be  taken  to  be  proportional  to  the  root- 
mean-square  end-to-end  distance.  Therefore,  from  equation 
(2-7) ,  we  obtain  for  the  intrinsic  viscosity  of  a  flexible 
polymer  molecule: 

.  o 

AT  TI-tt- 

(2-17) 


,  2  3/2 

r  ,  N  4ir  <hc>  „  . 
[  H  t  nn  Q  jv[  2.5 


100  3 


which  can  also  be  written  in  the  form: 

2>3/2 

[’ll  =  1730  2-5  T  -¥■ - “3  (2-18) 

The  equations  (2-17)  and  (2-18)  will  be  correct  only  if  the 
molecule  also  happens  to  be  impermeable  to  solvent  in  flow, 
since  the  Einstein  equation  is  valid  only  for  rigid  impermeable 
spheres . 


The  two  main  theories  dealing  with  flow  of  solvent 
through  the  molecule  and  the  ensuing  problem  of  hydrodynamic 
interaction  between  parts  of  the  molecule  are  due  to  Debije 
and  Bueche  (1948),  and  Kirkwood  and  Riseman  (1948). 

Debije  and  Bueche  replace  the  molecule  by  a  'swarm’ 
of  segments,  each  offering  resistance  to  flow  of  solvent 
through  the  swarm  ,  which  Itself  is  uniformly  distributed 
inside  a  sphere.  This  sphere  is  assumed  to  be  permeable  to 
the  solvent.  The  effective  permeability  or  porosity  is  re¬ 
lated  to  a  parameter  called  the  "shielding  radius",  which 
represents  the  depth  in  the  swarm  to  which  the  solvent  can 
almost  freely  penetrate.  The  "shielding  radius"  L  is  given 
by: 


'  '  ;  1  r  : 


6s^ 


II 


0 


6  =  -3Z- 

U  Q  Q 

4ttR^ 

e 


density  of  the  equiva¬ 
lent  sphere 

Z:  number  of  segments 

Rg :  radius  of  the  equi¬ 

valent  sphere 

friction  coefficient  of  a  segment;  solvent  viscosity 

(2-19) 

The  result  finally  obtained  by  Debije  and  Bueche  after 
solving  the  hydrodynamic  problem  is: 


[r]  =  $(cj) 


4ttR^ 
e  1 


3 


M 


(2-20) 


where  $(a)  is  a  function  of  the  shielding  parameter  a  =  R  /L, 
and  is  essentially  a  modified  friction  coefficient.  For  an 
impenetrable  sphere,,  $(a)  reduces  to  the  Einstein  value  of 
5/2.  For  small  cr,  i.e.  large  L,  or  almost  complete  permea¬ 
bility,  it  is  given  by: 

4>(a)  =  /  (1  -  | ^  o2  +  ....)  (2-21) 

For  an  impenetrable  sphere  we  find: 

[Til  =  2.5  If  R|  H  ( 2-22) 


and  for  complete  permeability  (on 
(2-21)  in  equation  (2-20)): 


_  3  1  R 2 
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substitution  of  equation 


molecular  weight  of  the 
monomer 


(2-23) 


Debije  and  Bueche  also  show  that  the  connection  between  the 
radius  of  the  equivalent  sphere  and  the  root-mean- square 
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end-to-end  distance  of  the  polymer  molecule  Is: 


R  =U054<h£> 

e  2 


1/2 


Since  the  root-mean-square  end-to-end  distance  of  a  polymer 
molecule  is  proportional  to  the  square  root  of  the  molecular 
weight  of  the  molecule  -  a  direct  result  of  a  Gaussian  dis¬ 
tribution  of  segments  around  the  centre  of  mass  -  we  find 
that  the  intrinsic  viscosity  will  show  a  molecular  weight 
dependence  varying  with  the  value  of  the  shielding  parameter. 
From  equations  (2-22)  and  (2-23)  it  follows  that  for  the 
two  limiting  permeabilities  the  molecular  weight  dependence 
of  the  intrinsic  viscosity  is  given  by: 

(i)  [t]]  ^  for  impermeable  or  non-draining 

molecules ; 

or  (ii)  [rj]  ^  M  for  completely  permeable  or  free 

draining  molecules. 

A  very  similar  result  was  obtained  by  Kirkwood  and 
Riseman  (1948).  These  authors  start  with  the  pearl-necklace 
model  of  a  polymer  molecule.  With  each  bead  they  associate 
a  hydrodynamic  interaction  tensor.  To  simplify  the  subse¬ 
quent  calculations,  the  hydrodynamic  interaction  is  averaged, 
and  each  bead  now  is  assigned  an  average  friction  coefficient. 
A  Gaussian  distribution  function  for  the  beads  is  assumed. 

The  final  result  of  Kirkwood  and  Riseman  turns  out  to  be: 

3/2  2 

h]  =  (|)  jgo  XPM  '  '  -  (2-24) 


where  XF(X)  is  a  function  similar  to  the  function  0(a)  of 
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Debije  and  Bueche.  The  latter  authors  point  out  that  their 
theory  differs  from  the  Kirkwood  and  Riseman  theory  only  by 
a  scaling  parameter.  Since  both  theories  involve  somewhat 
arbitrary  assumptions  about  the  friction  factors  associated 
with  each  segment,  the  numerical  disagreement  cannot  be  con¬ 
sidered  as  serious.  As  to  the  molecular  weight  dependence 
of  the  intrinsic  viscosity  however,  both  theories  lead  to 
the  same  conclusions. 

Flory  and  Fox  ( 1951a.,  b)  pointed  out  that  neither 
one  of  the  theories  discussed  above  takes  into  account  the 
excluded  volume  effect.  Starting  from  the  Kirkwood  and 
Riseman  result,  Flory  and  Fox  (loc.  cit.)  were  able  to  show  that 
the  function  X  F(X)  which  depends  on  the  molecular  weight 
of  the  polymer,  reaches  its  limiting  (non-draining)  value 
for  molecular  weights  larger  than  10,000  if  the  effect  of 
excluded  volume  on  the  extension  of  the  polymer  molecule  is 
taken  into  account.  Since  10,000  is  such  a  low  molecular 
weight  for  high-polymers  it  is  possible  to  rewrite  equation 
(2-24)  to  obtain: 


[r]  =  $ 


<h2> 


3/2 


M 


where  $  is  a  universal  constant,  the  so-called  "Flory  cons¬ 
tant"  .  Using  the  expression  for  the  r.m.s.  end-to-end 
distance  derived  by  Flory,  we  obtain  the  simple  result: 


[r]  = 


M 


V2  cA 


KM 


V2a3 


(2-25) 


The  correct  theoretical  value  of  $  was  later  calculated  by 
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Zimrn  (1956)  to  be  2.84  x  1021. 

From  equation  (2-25)  we  can  conclude  that,  in  a 
solvent  at  T  =  ©  (a  Theta-solvent),  the  intrinsic  viscosity 
will  depend  on  the  square  root  of  the  molecular  weight.  In 
non-Theta  solvents  it  will  generally  be  proportional  to  a 
higher  power,  because  of  the  effect  of  excluded  volume  on 
the  configuration  of  the  polymer  molecule.  At  all  times 
however,  the  molecule  can  be  considered  to  be  impenetrable 
to  solvent  flow  through  the  molecule.  We  then  obtain  the 
surprising  result  that  the  intrinsic  viscosity  of  flexible 
molecules  can  be  described  by  the  Einstein  formula  for  rigid 
impenetrable  spheres,  provided  we  calculate  the  equivalent 
radius  according  to  the  theory  of  Flory  (  4  ) . 

At  this  point  it  is  best  to  summarise  the  results 
obtained  so  far.  In  ideal  solvents  (Theta-solvents)  the 
intrinsic  viscosity  depends  on  the  square  root  of  the  mole¬ 
cular  weight.  This  has  been  abundantly  demonstrated  by  ex¬ 
periment  (e.g.  Fox  and  Flory  (1951)*  Flory  jet  al.  (1952), 
Krigbaum  and  Flory  (1953)  Bianchi  and  Magnasco  (1959)). 

For  flexible  polymers  in  good  solvents  the  dependence  on 
molecular  weight  is  given  by  a  power  larger  than  0.50.  We 
can  explain  this  in  two  ways,  either  by  assuming  that  the 
molecule  becomes  in  flow  more  permeable  to  the  solvent,  or 
by  invoking  the  excluded  volume  effect.  The  hydrodynamic 
theories  thus  allow  for  an  exponent  ranging  from  0.50 
-  1.00;  the  Flory  theory  predicts  an  exponent  ranging  from 
0.50  -  0.80.  Experimentally  one  rarely  observes  exponents 
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larger  than  0.80  for  flexible  molecules  ( Meyerhof f  (1961)),, 

whilst  for  cellulose  derivatives  the  exponent  Is  usually 

around  1.00.  A  disturbing  experimental  fact  is,  however, 

that  the  Flory  constant  $  is  invariably  lower  than  the  theo- 

retical  value,  2.84  x  10  ,  if  it  is  (properly)  evaluated 

for  data  obtained  in  good  solvents.  Its  value  is  then  found 
21 

to  be  2.1  x  10  .  Throughout  all  these  calculations  it  has 

been  assumed  that  the  molecule  is  spherical  and  that  it  re¬ 
mains  so  regardless  of  polymer- solvent  interaction.  Flory 
(1949)  has  proved  this  to  be  true  for  the  configuration  of 
the  polymer  molecules  in  a  "Theta-solvent";  he  did  not  prove 
it  for  non-Theta  solvents. 

In  a  long  series  of  investigations  (Hermans, 

Klamkin  and  Ullman  (1952),  Peterlin  ( 1957 ) *  Zirnm,  Stockmayer 
and  Fixman  (1953) *  Yamakawa  and  Kurata  (1958),  Kurata, 
Stockmayer  and  Roig  (i960),  and  Ptitsyn  (i960))  it  has  been 
established  that  the  excluded  volume  effect  leads  to  a  non- 
uniform  expansion  of  the  molecule.  This  means  that  the 
spherical  molecule,  whose  configuration  can  be  described  by 
a  Gaussian  distribution  function,  becomes  non-spherical  on 
dissolving  in  a  non-Theta  solvent  with  the  concomitant  result 
that  a  Gaussian  distribution  function  will  no  longer  suffice 
to  describe  its  configuration.  Experimentally  the  result 
of  the  excluded  volume  effect  is  most  clearly  noticed  by 
the  fact  that  the  end-to-end  distance  of  the  polymer  mole¬ 
cule  increases  faster  with  molecular  weight  than  would  be 
predicted  on  the  basis  of  a  Gaussian  distribution  function. 
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It  is  found  that  the  molecular  weight  dependence  of  the  end- 
to-end  distance  is  in  general  given  by  the  formula: 

<h2>  =  K  M1+e  (2-26) 


where  e  is  equal  to  zero  in  a  Theta-solvent  (Gaussian  statis¬ 
tics) 


0.25  for  polymethylmethacrylate  in 
acetone  at  20° 

0.33  for  cellulose  nitrate  in  acetone 
at  20° 


0.005  for  polystyrene  in  cyclohexane  at 
43° 


0.07  for  polystyrene  in  cyclohexane  at 
57° 

0.22  for  polystyrene  in  toluene  at  20° 

(from  Peterlin  (1961)) 

Another  consequence  of  the  non-Gaussian  statistics  is  that 
the  root-mean- square  end-to-end  distance  increases  faster 
than  the  radius  of  gyration: 


6R2  =  _ 1 _ 

<h2>  1  +  |  e  +  \  R 


(2-27) 


With  Gaussian  statistics  (i.e.  e  equal  to  zero)  the  end-to- 
end  distance  and  the  radius  of  gyration  give  essentially  the 
same  information  about  the  extension  of  the  molecule.  This 
is  no  longer  the  case  if  the  statistics  become  non-Gaussian. 

Ptitsyn  and  Eizner  (1958)  were  able  to  show  that 
in  good  solvents  the  value  of  the  Flory  constant  $  also 
changes.  It  decreases  as  e  increases  according  to  the  equa¬ 


tion  : 


/  ,  Jr.  n.  -  .  ;  .  j  o  0  '  .  - ■  ■ : 


,  r.-jpx  :  .  ;  .  :  '  :  jiV: 

"o  ;:'j'  v  hr  ' 

48 


$(e)  =  2.86  x  1021(1  -  2.63e  +  2.86e2)  (2-28) 

This  then  shows  that  the  value  of  $,  calculated  from  data 
obtained  in  good  solvents,  should  Indeed  be  lower  than  the 
theoretical  value  of  2.84  x  10  ,  which  value  would  only  be 

obtained  from  measurements  in  a  Theta- solvent  (Krigbaum 
and  Carpenter  (1955)). 

The  results  obtained  above  on  the  effect  of  the 
excluded  volume,  expressed  in  terms  of  the  somewhat  empi¬ 
rical  parameter  e,  have  been  substantiated  by  a  more  rigo¬ 
rous  thermodynamic  treatment  due  to  Fixman  (1955)  and 
Kurata  and  Yamakawa  (1958).  We  will  not  go  into  the  de¬ 
tails  of  this  treatment,  since  it  is  outside  the  scope  of 
this  chapter. 

The  question  now  arises,  how  does  this  theory  of 
the  excluded  volume  affect  the  theory  of  the  intrinsic  vis¬ 
cosity  . 

Yamakawa  and  Kurata  (1958)  show  that  it  affects 
the  exponent  of  the  expansion  factor  a  in  the  Plory  equa¬ 
tion  for  the  intrinsic  viscosity  (equation  (2-25)).  Flory, 
as  we  recall,  defined  a  as  the  ratio  of  the  radius  of  the 
expanded  equivalent  sphere  and  the  radius  of  the  unperturbed 
equivalent  sphere,  and  took  both  radii  to  be  proportional 
to  the  end-to-end  distance.  After  having  shown  that,  with 
a  sufficiently  large  molecular  weight,  the  molecule  in  flow 
behaves  essentially  as  an  impermeable  sphere  with  a  radius 
proportional  to  the  end-to-end  distance,  Plory  then  obtained 
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the  expression: 


a 


3 


(2-29) 


for  the  expansion  factor.^ 

In  the  present  treatment  of  the  effect  of  excluded 
volume  such  a  relationship  would  not  be  obtained  since  the 
proportionality  between  the  end-to-end  distance  and  the 
hydrodynamic  radius  of  the  molecule  differs  in  a  good  sol¬ 
vent  from  what  it  is  in  a  Theta- solvent ,  This  was  first 
shown  by  Yamakawa  and  Kurata  (1958) *  who  obtained  for  the 
expansion  ratio.,  instead  of  equation  (2-29)  the  result: 


(2-30) 


From  the  more  recent  theories  of  excluded  volume 


it  follows  that  the  assumption  of  Flory  ( 19^9 )  about  the 
uniform  expansion  of  the  molecule  in  a  good  solvent  is  not 
justified,,  and  that  a  Gaussian  distribution  function  is  no 
longer  adequate  for  the  evaluation  of  the  configuration  of 
the  polymer  molecule .  For  the  theory  of  the  intrinsic  vis¬ 
cosity,  the  principal  result  is  that  the  end-to-end  distance 
is  no  longer  proportional  to  the  hydrodynamic  radius  of  the 
molecule.  The  important  result  of  Flory  as  to  the  exis¬ 
tence  of  a  constant  0  (a  consequence  of  the  fact  that  the 
function  characterising  the  hydrodynamic  interaction  between 
the  segments  within  the  molecule  reaches  a  constant  and 
limiting  value  for  rather  low  molecular  weight  polymers)  re¬ 
mains  fortunately  unaffected,  even  though  its  value  decreases 
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in  good  solvents. 

Recently  Kurata,  Stockmayer  and  Roig  (i960)  have 
given  a  treatment  of  the  excluded  volume  analogous  to  Flory's. 
Instead  of  starting  with  an  equivalent  sphere,  they  repre¬ 
sented  the  polymer  by  an  equivalent  ellipsoid  and  were  able 
to  derive  a  closed  expression  for  the  expansion  factor  a, 
which  reads : 


(a3-a)(1  +^_)n-1/2  =  (|)5/2(3 
3a  ^ 


2t t 


3/2 


P 


a~ 


(2-31) 


N:  number  of  segments;  a:  length  of  a  segment; 

P :  numerical  factor  equal  to  1.43 

This  equation  implies  that  the  quantity 


(a^-a)  ( 1  +  — ™)M“1//2 

3a 


M:  molecular  weight  (2-32) 


should  be  a  constant  for  a  polymer  homologous  series.  This 
is  indeed  borne  out  by  comparison  with  experimental  data, 
provided  that  the  expansion  factor  is  evaluated  by  the 
Yamakawa  and  Kurata  expression: 


[nj 

[We 


a2-43 


Kurata  and  Stockmayer  (1962)  subsequently  modi¬ 
fied  their  theory,  mainly  to  obtain  better  agreement  with 
the  experimentally  observed  molecular  weight  dependence  of 
the  intrinsic  viscosity.  As  we  already  have  stated,  the 
molecular  weight  dependence  of  the  intrinsic  viscosity  varies, 
the  exponent  ranging  from  0.50  -  1.00.  Such  a  variation  is 
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readily  explained  by  the  hydrodynamic  theories  of  Debije  and 
Bueche,  and  Kirkwood  and  Rlseman.  In  the  Flory  theory,  this 
exponent  can  vary  between  0.50  -  0.80.  The  Kurata,  Stock- 
mayer  and  Roig  (i960)  theory  allows  for  a  range  of  0.50  - 
0.90.  In  their  modification  Kurata  and  Stockmayer  (1962) 
propose  using  the  expansion  factor  a  ,  as  calculated  by 
means  of  the  Plory  formula  (equation  (2-29))*  in  the  equa¬ 
tion  (2-32) .  With  this  replacement  the  exponent  of  the 
intrinsic  viscosity  -  molecular  weight  relationship  can  vary 
between  0.50  -  1.00. 

In  conclusion  it  seems  that  the  theories  of  in¬ 
trinsic  viscosity  can  be  divided  into  two  different  classes: 

(i)  hydrodynamic  theories  (Debije  and  Bueche, 
Kirkwood  and  Riseman) 

(ii)  thermodynamic  theories  (Flory,  Yamakawa  and 
Kurata,  Kurata  and  Stockmayer) . 

Both  can  account  for  the  variation  of  the  intrinsic  visco¬ 
sity  with  molecular  weight.  In  the  hydrodynamic  theories 
the  molecule  is  spherical  and  more  or  less  permeable  to 
flow  of  solvent  through  the  molecule.  In  the  thermodynamic 
theories,  the  molecule  is  spherical  only  in  a  Theta-solvent, 
becoming  ellipsoidal  in  a  good  solvent  because  of  non- 
uniform  expansion,  and  in  either  type  of  solvent  is  essen¬ 
tially  impermeable  to  solvent  flow. 

We  tend  to  consider  the  thermodynamic  theories  as 
more  correct  for  flexible  polymers,  mainly  on  the  basis  of 
the  impressive  evidence  for  a  non-Gaussian  distribution  of 
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the  segments  around  the  centre  of  mass.  Hence  we  will  draw 
the  inference  that  a  polystyrene  molecule  dissolved  in  a  good 
solvent  such  as  toluene  and  benzene  can  best  be  represented 
by  an  impermeable  equivalent  ellipsoid. 

The  hydrodynamic  theories  probably  offer  a  better 
description  for  stiff  molecules  for  the  reason  that.,  because 
of  their  very  stiffness,  the  molecule  forms  a  far  more 
'open*  structure  with  the  result  that  the  individual  seg¬ 
ments  are  more  exposed  to  the  solvent.  In  absence  of  strong 
solvent-segment  interaction  it  is  not  inconceivable  that 
the  solvent  does  indeed  flow  through  the  molecule. 
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Chapter  3 

THE  SHEARDEPENDENCE  OF  THE  INTRINSIC  VISCOSITY 


The  first  calculations  of  the  sheardependence  of 
the  intrinsic  viscosity  were  made  by  W.  Kuhn  (1932*  19^5a) 
and  Peterlin  (1938*  1939)  before  an  adequate  theory  of  the 
intrinsic  viscosity  was  formulated.  The  calculations  were* 
therefore*  based  on  model  particles  (  dumbells  and  rota¬ 
tional  ellipsoids) .  Later  these  model  particles  played  an 
important  role  in  the  development  of  the  theory  of  the 
intrinsic  viscosity  of  polymer  molecules  ( cf .  Chapter  2). 

In  order  to  show  in  detail  the  assumptions  made*  we  will 
give  in  full  the  treatment  of  the  sheardependence  of  solu¬ 
tions  of  rigid  dumbells  (W.  Kuhn  and  H.  Kuhn  19^5a) ) . 

3-A  Viscosity  of  a  suspension  of  rigid  dumbells 

The  model  is  shown 
diagrammatically  in  Figure  2. 
The  particle  consists  of  two 
non-interacting  spheres  con¬ 
nected  by  a  thin  rod  of 
length  s.  Flow  takes  place 
in  the  direction  of  the  Z- 
axis;  the  velocity  gradient 
is  directed  along  the  X-axis. 

Restricting  ourselves  to  simple  shear  flow  in  the 
X-Z  plane*  we  have  v  =  0*  and  v  =  qx  (v:  velocity; 

q:  shear  gradient) . 
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The  coordinates  of  the  centre  P  of  sphere  I,  are  given  by: 


x^  =  sin@ 

s  n 
zl  =  2  cos® 


dxl  s  • 

aT  =  2  6  oos0 


dz. 

dV  =  -  1  9  slnS 


(3-1) 


Hence 


v  =  q  sin0 
z1  2 


dx 


The  rotation  of  the  particle  is  given  by 


1 


dz 


and 


1 


dt  dt 

For  the  velocity  u  of  the  particle  relative  to  the  sur¬ 
rounding  liquid  we  can  write 


dx 


x  dt 


1 


dz 


u  - 

z  dt 


1 


-  v 


The  frictional  force  experienced  by  sphere  1,  applying  Stoke 
Law ,  is: 

I  2  2" 

K  =  u  •  oirna  =  67rari  Mu  +  u  a:  radius  of 

U.  \l  X  Z  -i  -T- 

'  sphere  I 

with  components : 

dx. 

K  =  -  67771  a  -tt— 
x  1  dt 


dz. 

Kz  =  -  6 ¥1la(—  -  vzM 

The  moment  of  the  forces  acting  on  I  (which  moment  is  the 

same  as  the  one  acting  on  sphere  II)  is  given  by 

dx.  dz. 

M..  =  K  z.  -  K  x.  =  -  67rna  [  z.  -tt-  -  {-tt—  -  v  )x.  ] 

I  x  1  z  1  1  1  dt  vdt  z-^'  1J 

The  requirement  that  this  moment  be  zero  (i.e.  that  the  par 
tide  not  suffer  acceleration  in  steady  shear  flow)  leads 
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to  the  expression 
2 

(75)  0 cos^0  -  0sin0  -  q  sin0)  sin0  =  0 


Hence 


and 


sin^0 


str 


=  -  q  sin  0 


(3-2) 


This  formula  represents  how  the  orientation  0  of  the  particle 
changes  in  time,  due  to  the  velocity  gradient  in  the  liquid, 
neglecting  however  the  contribution  to  0  of  the  Brownian  mo¬ 
tion.  Without  considering  the  Brownian  motion  for  the  time 
being  we  can  write  for  the  relative  velocity  of  sphere  I, 
in  the  direction  of  the  axis  r: 


dx.,  dz-, 

vrel,r  “A^dt  ^  + 


dt 


v  ) 
Z1 


.  2 , 


.  2 , 


q^sin  0cos  0(sin  0  +  cos  0)  =  q  sin0cos0 

(3-3) 


for  0  -  45°:  v  1  q) 

^  rel,r  2V2 


We  have  obtained  the  rather  drastic  result  that  practically 
all  the  particles  will  line  up  with  the  Z-axis  (i.e.  in  the 
direction  of  flow,  since  in  this  direction  0  and  v  ,  are 


It  is  clear  that  if  we  had  considered  Brownian  mo¬ 
tion  such  a  result  would  not  have  been  obtained,  since 
Brownian  motion  would  disturb  such  a  distribution.  Rather, 
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we  would  obtain  a  stationary  distribution  of  the  orientation 
angles,  which  could  be  defined  as 


dne, e+de  =  p(®)de 


dnQ  Q,^a  :  number  of 
0,0+d0  particles, 
whose  orientation  angle 
lies  between  0  and  0+d0 


where  p(0)  Is  determined  by  the  differential  equation 


p(0)*0  ,  -  il£  D  ,  =  const. 

'  str  d0  rot 


D 


rot ' 


rotational 
diffusion  co¬ 
efficient 


(3-4) 

This  differential  equation  was  solved  by  Boeder  (1932)  and 
independently  by  W.  Kuhn  (1932).  Because  of  the  historical 
importance  of  the  solution,  we  will  write  it  down: 

p(^)  =  ^zf  (1  +  arot  sin^0  +  apO^-(cos20  -  — ) 


+  ap0t(-  -g  sin20  +  -g  sin40  -  sin60) 

+  apot^-  T6  cos20  +  cos40  -  cos60 


with  a  , 
rot 


q 


4D 


rot 


t  ]_^2  cos60)]  (3~5) 

2ir 

and  f  p(0)d0=n=  number  of  par- 
0  tides  per 

unit  volume 


The  calculation  of  the  intrinsic  viscosity  fol¬ 
lows  readily  in  three  steps: 

(i)  The  particle  moves  through  the  liquid  with  a 
velocity  v  The  liquid,  then,  exerts  a  force  K  on  the 

particle  equal  to 

rel 


K  =  R  •  v. 


R:  friction  factor 


r  i  £j 


.yi  ?.•  ... 
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If  Stoke 1 s  Law  applies,  then 

R  =  67rn0a  r^:  viscosity  of  the  solvent 

The  amount  of  work  done  per  second  to  achieve  a  particle  ve¬ 
locity  of  v^el  is  (force  x  velocity): 

=  677TlnaV^  n 
dt  ‘0  rel 

(ii)  For  an  orientation  0,  the  relative  velocity 

is  given  by  equation  (3-3).  Hence,  neglecting  Brownian  motion, 

dA  0  r  2  o  2  2.  2  n  2n 

=  2  •  077T]oaVrei  =  3Trrj0as  q  sm  0cos  9 

(factor  of  2  because  dumbells 
have  two  spheres) 

It  is  assumed  also  that  there  is  no  hydrodynamic  interaction 
between  the  two  spheres. 

(iii)  Since  there  are  p(0)d0  particles  per  cubic 
centimetre  with  an  orientation  0,  the  heat,  E,  dissipated 
in  flow  per  second  by  the  particles  is  equal  to 

dE  =  p(0)  d0 

or 

2tt 

E  =  /  p  (  0)  •  3Trr)nas^q^sin^0cos^0d0 
0 

To  a  first  order  approximation,  using  equation  (3-5)  for 
p (0),  this  gives: 

S7T  2  2 

E  =  -g—  ans  r)Qq 

To  a  second  order  approximation 

E  =  ir  ans2,ioq2  [1  +  £  avot] 
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The  heat  dissipated  in  flow  per  second  can  be  directly  re¬ 
lated  to  the  coefficient  of  viscosity  by  means  of  the  rela¬ 
tionship:  ,  , 

^  q,:  shear  rate 

2 

E  -  ^  rj :  coefficient  of  viscosity 

Under  (iii)  we  have  calculated  the  heat  dissipated 
by  the  particles  themselves.  In  order  to  obtain  an  expres¬ 
sion  for  the  coefficient  of  viscosity  of  the  solution,  we 
have  to  add  to  the  energy  dissipated  by  the  particles  the 

energy  dissipated  in  flow  by  the  solvent: 

2 


E 


solvent 


r)n:  coefficient  of 

viscosity  of  the 
solvent 


The  viscosity  of  the  solution  is  thus  given  by: 

3  7T  2 

11  =  +  tr  ans 

and  (to  a  first  order  approximation) 

M  -  3P  -  ¥ 


(3-6a) 


or  (to  a  second  order  approximation) 


[ql  = 


3l  2  r  1  2  , 

8  u  +  8  rotJ 


(3-6b) 


This  is  a  surprising  result,  since  [r\]  is  found 
to  increase  with  the  shear  rate .  If  the  higher  order  terms 
of  p(@)  are  taken  into  account,  [q]  eventually  decreases, 
but  nevertheless  an  initial  rise  is  predicted,  which  is  con¬ 
trary  to  experience .  Of  course  it  might  be  argued  that  we 
have  used  the  wrong  distribution  function,  since  it  was  de¬ 
rived  taking  the  Brownian  motion  explicitly  into  account; 
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but  if  we  had  not  used  this  distribution  function,  we  would 
have  obtained,  with  the  aid  of  equations  (3-2)  and  (3-3)* 
an  intrinsic  viscosity  equal  to  zero,  since  after  sufficient 
time  all  the  molecules  would  be  lined  up  parallel  to  the 
Z-axis  (i.e.  0  zero),  which  condition  leads  to  vrel  equal 
to  zero . 

In  order  to  show  the  effect  of  Brownian  motion 
more  clearly  we  will  rewrite  the  differential  equation  for 
the  distribution  function  more  symmetrically  as 

P(S)®eff  =  P(®)t®str  +  ®diffl  0-7) 

Q=Q  +  Q  .  G  =  "effective"  rotation 

eff  str  diff  eff 


Comparison  with  equation  (3-4)  gives; 

0,  .pf  =  -  D  1  =  -  D  ,  ■%££ 

diff  rot  p  dS  rot  d0 


and 


q 


sin  0  -  D 


rot 


dlnp 

d0 


If  the  velocity  gradient  q  is  small,  then  from  equation  (3-5) 

Pq=0  &  P0=tt/4 


and 


^str (  0=0)  ""  0  ®diff  ^  0_7r/4)  -  0 

Substitution  in  equation  (3-7)  gives 

Pe=o[0  +  ®diff,(e=o)]  =  Pe=T/k[hstr,e=ir/H+0]  =  const 

or 

®diff,(0=O)  =  ^str  ^  ®~Tr/4) 


s 

'■  .  :  ;  '  '  .  "r  :]:■'/?  .  nl 


:  fcsb 


60 


In  words:  If  9  =  0,  the  rotational  velocity  due  to  diffu¬ 
sion  is  equal  to  the  rotational  velocity  at  9  =  tt/4  due  to 
the  velocity  gradient  In  the  liquid.  Hence  Is  not  a 

negligible  quantity  but  is  of  the  same  order  of  magnitude 
as  0  .  .  If  one  considers  a  particle  at  constant  9,  then 

it  is  clear  that  the  Brownian  motion  will  distribute  the 
particles  over  the  cone  with  angle  29  and  the  Z-axis  as 
symmetry  axis.  This  implies  that  the  direction  of  the 
Brownian  motion  is  transversal  to  the  orientation  induced 
by  flow.,  and  that  it  gives  rise  to  a  relative  transversal 
velocity 

v  _  J3  n 

rel,trans  2  diff 


The  fact  that  the  Brownian  motion  is  transversal  also  means 
that  the  effects  due  to  the  velocity  gradient  and  Brownian 
diffusion  can  be  treated  separately.  We  have  now,  for  the 
amount  of  work  done. 


dA 

dt 


2  •  ^77Tloa^  vrel,  r  +  vrel,  trans ^ 


=  37n]oaq2s2sln20cos20  +  3TTT]0as^D2ot 


due  to  the  velocity  due  to  Brownian 
gradient  motion 


For  E  we  obtain  the  expression 


E  =  /  p(6)d0  =  /  37Ti]na[  q2s2sin20cos20 

0  0 


:  ''  '  '  ..  ;  ' ""  i  jfTCC( 
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To  a  first  order  approximation  this  gives 


E 


2 


and 


[i'll  =  tp  as2 


(3-8a) 


Note  that  the  value  of  [r)]  is  now  twice  as  large  as  that  cal¬ 
culated  without  considering  Brownian  motion.  To  a  second 
order  approximation 


and 


The  sheardependence  has  changed  drastically.  Not 

2 

only  has  it  changed  sign  but  the  coefficient  of  q  is  eight 


times  that  calculated  previously.  With  the  inclusion  of  the 
contributions  of  the  Brownian  motion,  our  model  at  last 
seems  to  behave  according  to  experience. 

In  this  example,  Kuhn  and  Kuhn  (1945a)  were  able  to 
derive  an  expression  for  the  sheardependence  of  the  intrin¬ 
sic  viscosity  which  is  in  qualitative  agreement  with  obser¬ 
vations  on  polymer  solutions.  The  example  also  shows  that 
this  agreement  is  only  obtained  by  taking  Into  account  the 
effects  of  Brownian  motion. 


In  Chapter  2  we  discussed  the  intrinsic  viscosity 


without  making  reference  to  Brownian  motion  of  the  molecule 
at  all.  The  justification  of  this  neglect  is  that  most  of 
the  theories  discussed  in  Chapter  2  treat  the  polymer  mole- 
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cule  as  an  effective  sphere,  which  cannot  orient  itself. 
Hence  there  is  no  need  for  a  distribution  function  of  orien¬ 
tation  angles.  But  besides  influencing  the  distribution  of 
orientation  in  flow,  the  Brownian  motion  will,  however,  re¬ 
sult  in  a  continuous  rate  of  rotation  (or  angular  velocity) 
of  the  particle  equal  to  q/2,  and  this  is  the  only  contri¬ 
bution  of  the  Brownian  motion  remaining  in  the  case  of 
spherical  molecules  ( Zimm  (1956)).  It  is  therefore  clear 
why  the  theories  of  the  intrinsic  viscosity  of  Debije  and 
Bueche  (19^8)  and  Kirkwood  and  Riseman  (19^8)  lead  to  cor¬ 
rect  results  even  though  these  authors  ignore  Brownian 
motion.  Implicitly,  they  take  the  Brownian  motion  into 
account  by  assuming  that  the  molecule  rotates  with  a  cons¬ 
tant  angular  velocity  equal  to  q/2. 

Returning  to  the  calculations  of  the  sheardepen- 
dence  of  the  intrinsic  viscosity  of  polymer  molecules,  we 
must  conclude,  from  our  discussion  in  Chapter  2,  that  a 
dumbell  does  not  represent  the  configuration  of  a  polymer 
molecule.  We  have  treated  the  dumbell  extensively  mainly 
because  it  is  a  good  example  of  a  calculation  of  shearde- 
pendence .  Of  more  interest  is,  however,  the  theory  of  the 
sheardependence  of  the  intrinsic  viscosity  of  rotational 
ellipsoids.  The  crucial  step,  the  solution  of  the  diffu¬ 
sion  equation  to  obtain  the  distribution  function  of  the 
orientation  angles,  is  due  to  Peterlin  (1938)  and  Peterlin 
and  Stuart  (1939).  Subsequent  calculations  were  done  by 
Kuhn  and  Kuhn  (l9^5c),  Simha  (19^0,  19^-5)  and  Salto  (1951). 
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Scheraga  (1956)  has  evaluated  all  the  pertinent  functions 
numerically,  so  that  the  results  of  these  treatments  can  be 
quantitatively  compared  with  experimental  data.  Griesekus 
(1962b)  has  recently  completed  the  treatment  by  calculating 
also  the  normal  stresses. 

The  sheardependence  in  the  theories  cited  above 
is  due  to  the  orientation  of  the  molecules  in  flow.  With 
the  aid  of  the  distribution  function,  one  can  derive  expres¬ 
sions  for  the  average  orientation  of  the  molecules  as  a 
function  of  the  shear  stress.  In  other  words,  as  the  shear 
stress  is  increased  the  solution  becomes  more  anisotropic. 
Besides  the  measurement  of  the  sheardependence  of  the  in¬ 
trinsic  viscosity,  there  is  also  an  independent  way  of 
measuring  this  anisotropy  by  making  use  of  the  fact  that  an 
anisotropic  substance  is  also  birefringent .  Since  the  ani¬ 
sotropy  of  the  liquid  is  caused  by  the  flow  of  the  liquid 
the  phenomenon  is  called  streaming  birefringence. 

We  will  not  give  the  details  of  the  theories  of 
birefringence  (which  may  be  found  in  the  articles  by  Peter- 
lin  and  Stuart  (in  (11)  Vol.  II,  Chap.  12),  Yang  (1961), 
Peterlin  (1961)  and  Cerf  (1959))  hut  will  merely  state  that 
the  orientation  angle  Q  can  be  directly  measured  optically, 
and  that  theories  of  sheardependence  can  be  tested  for  con¬ 
sistency  by  comparing  predictions  with  the  results  of  appro¬ 
priate  streaming  birefringence  experiments. 

The  polymer  molecules  with  which  we  are  concerned 
in  our  investigation  are  not  rigid.  We  will  therefore  now 
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consider  what  kind  of  assumptions  must  be  added  to  the  theory- 
in  order  to  take  flexibility  into  account. 

3-B  The  viscosity  of  a  solution  of  flexible  particles 

The  first  treatment  is,  again,  due  to  Kuhn  and 
Kuhn  (1945b) .  The  model  is  illustrated  in  Figure  3.  We  as¬ 
sume  that,  if  subjected  to 
stress,  the  molecule  will  be 
deformed  and  hence  its  end- 
to-end  distance  will  increase. 
This  deformation  cannot  be 
the  only  cause  of  the  shear- 
dependence  for,  if  the  end- 
to-end  distance  increases  so 
will  the  intrinsic  viscosity. 

Of  course,  the  larger  the 
molecule  the  more  it  will  be 
oriented  in  the  direction  of 
flow.  Since  the  intrinsic  viscosity  is  observed  to  decrease 
as  the  stress  increases  the  increase  in  size  must  be  more 
than  compensated  by  an  increased  orientability . 

An  estimate  of  the  distortion  of  the  configuration 
of  a  polymer  molecule  in  flow  is  obtained  in  the  following 
way.  In  Chapter  2  we  have  stated  that,  because  of  the  en¬ 
tropy  associated  with  the  configuration  of  a  polymer  molecule, 
the  deformation  of  the  Gaussian  distribution  can  be  described 
in  terms  of  the  deformation  of  an  elastic  spring  with  a  force 


Figure  3 
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p 

constant  equal  to  3kT/<hQ>  .  Hence  a  'statistical  restoring 
force,  acting  at  equilibrium  between  the  two  end  points  of 
the  molecule,  can  be  written  as: 


K,  =  - 


3kT 

p 

NA^ 


h 


h:  end-to-end  distance 

N:  number  of  statistical  chain- 

elements 

A:  length  of  a  statistical 

chain-element 


(3-9a) 

Let  one  of  the  end  points  move  with  a  velocity  dh/dt  with 
respect  to  the  other  end  point  in  the  direction  of  the  vec¬ 
tor  h.  This  motion  will  result  in  deformation  of  the  mole¬ 
cule;  hence  if  the  molecule  resists  this  deformation,  i.e. 
has  some  'inner  viscosity1,  the  motion  of  the  end  point  will 
be  opposed  by  a  'friction'  force  equal  to: 

K2  =  -  B  dh/dt  (3-9b) 


where  B  is  the  coefficient  of  inner  viscosity.  For  rigid 
molecules  its  value  is  infinite;  for  soft  molecules  its 
value  is  zero.  Kuhn  and  Kuhn  (loc.  cit.)  also  show  that  B 
will  be  inversely  proportional  to  the  molecular  weight. 

Hence  large  molecules  are  more  easily  deformed  than  small 
ones . 

The  third  force  acting  on  an  end  point  is  due  to 
the  flow  of  solvent  past  the  end  point.  It  is  given  by: 

K  _  ,  L  L:  hydrodynamic  length  of  the 

3  V  7  molecule  (proportional  to  the 

end-to-end  distance) 

v:  velocity  of  the  solvent  relative  to  the  end  point 

A:  numerical  factor  of  order  3tt/2  (3-9c) 
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Referring  now  to  Figure  3>  where  the  vector  m  characterizes 
the  position  of  the  end  point  (m  is  equal  to  h/2),  we  can 
write  for  the  forces  acting  in  flow  on  the  whole  molecule: 

(i)  a  force,  resulting  from  the  statistical  res¬ 
toring  force  between  the  two  ends  of  the  molecule: 

F1  =  kT(3/NA2)h-2  =  12kT(NA2)m  (3-10a) 

(the  factor  of  two  arises  since  the  ends  are  not  kept  fixed 
in  the  origin) 

(ii)  a  force,  resulting  from  the  inner  viscosity, 

equal  to: 

F2  =  -  4B  dm/dt  (3- 10b) 

(iii)  and  a  force,  resulting  from  the  relative 
motion  between  the  solvent  and  the  end  points,  equal  to: 

F3  =  -  AT!0v  |  (3- 10c) 

Having  specified  the  forces,  we  can  now  immediate¬ 
ly  write  down  the  mobilities  of  the  end  point  in  a  radial 
direction  (i.e.  in  the  direction  of  h;this  motion  will  re¬ 
sult  in  a  deformation  of  the  molecule)  and  in  a  tangential 
direction  (this  motion  leaves  |  h  |  unchanged  and  is  opposed 
only  by  the  solvent)  ,  The  mobility  \i  is  defined  to  be  equal 
to  the  velocity  an  end  point  acquires  if  the  force  acting 
on  it  is  equal  to  one  dyne,  and  it  is  related  to  a  diffusion 
coefficient  by  the  relationship: 

D  =  pkT 

The  tangential  mobility  is  determined  by  only,  and  is 
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given  by  the  expression: 


M- 


tang 


2  1 
^Tq  l 


(3-lla) 


The  radial  mobility  is  determined  by  F^  anc^  • 


L 


2  +  F3  =  "  ^0V  2  +  ^Bv) 


Hence : 


M- 


1 


rad  "  XnQ  \  +  4B 


(3- 11b) 


For  the  diffusion  coefficients  in  the  two  directions  we  find 

2kT 


D 


tang  Ar)0L 


D 


kT 


rad  Ati0  \  + 


and 


D 


tang 


D 


-  1  = 


8b 


rad 


LAr] 


0 


(3-12) 


Kuhn  and  Kuhn  then  show  that  the  sheardependence  for  defor¬ 
mable  molecules  is  essentially  determined  by  the  quantity: 

D, 


tang 


D 


-  1  . 


rad 


For  a  soft  molecule  B  is  equal  to  zero  and  no  sheardependence 
results.  For  a  stiff  molecule  B  tends  to  infinity  and 
tends  to  zero.  In  this  case  the  sheardependence  is  deter¬ 
mined  by  the  orientation  of  the  molecule  only.  Since  the 
coefficient  of  inner  viscosity  B  is  inversely  proportional 
to  the  molecular  weighty  the  Kuhn  and  Kuhn  theory  implies 


i  *  i  :  a  L  c  :.h  <:,‘J  V 


■  . 


■:  .-.'[js  t  i:  ii  ■-  r  ?  ■  ■  ■  .  UT  ■ "  .  ...  ■ 


68 


that  the  sheardependence,  if  it  occurs,  will  decrease  if  the 
molecular  weight  of  the  polymer  molecule  is  increased.  This 
is  contrary  to  the  experimental  findings  (Sharman,  Sones 
and  Cragg  (1953)). 

Even  though  the  Kuhn  and  Kuhn  theory  leads  to  in¬ 
correct  predictions  about  the  molecular  weight  dependence 
of  the  sheardependence,  the  theory  is  important  in  that  it 
was  the  first  one  to  deal  with  deformable  molecules  and  to 
show  that  for  such  molecules  it  is  the  quantity  ^-tang/^r&d  ~ 
which  governs  the  sheardependence . 

The  case  of  the  completely  soft  molecule  may,  at 
first  glance  seem  anomalous.  If  it  is  so  readily  deformed, 
should  it  not  also  be  oriented  readily?  Peterlin  (1952) 
explained  why  it  is  not, with  the  help  of  the  simple  model 
shown  in  Figure  4.  Each  molecule  which  crosses  the  Y-Z 

plane  contributes  to  the 
shear  stress,  the  y- 


component  of  the  statistical 
restoring  force  K^ : 

Kly  =  (3/<ho>)  kTy  =  2M-kTy 

(3-13) 

The  number  of  molecules 
crossing  an  area  S  will  de¬ 
pend  on  the  X- coordinates  of 
the  segments,  the  area  S  and 
the  concentration  (N),  rnulti- 
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plied  by  the  probability  of  finding  the  free  end  of  the  mole¬ 
cule  in  a  volume  element  dxdydz  at  a  position  r,  when  the 
other  end  is  fixed  at  the  origin.  Hence  this  number  is 
given  by:  S  x  N  F(r)  dxdydz.  The  additional  shear  stress 
due  to  the  presence  of  the  molecule  then  is  given  by: 

K 

=  2qkT  N<xy>  =  qAr) 

and  the  intrinsic  viscosity  by  the  expression: 

['ll  =  ^  =  2(j.kT-<xy>  where  p.  =  3/2<h^> 

(3-14) 

Since  the  average  <xy>  turns  out  to  be  equal  to  q/8tiD,  where 
D  is  a  diffusion  coefficient,  the  intrinsic  viscosity  be¬ 
comes  independent  of  the  shear  rate.  This  is  a  result  of 
the  fact  that  the  number  of  molecules  crossing  an  area  S 
decreases  in  the  same  proportion  as  the  statistical  restoring 
force  increases  with  extension  of  the  molecule. 

On  the  basis  of  the  above  approximate  theories  we 
may  conclude  that 

(i)  no  shear  effect  is  to  be  expected  for  com¬ 
pletely  soft  molecules;  and 

(ii)  a  shear  effect  will  be  observed  for  mode¬ 
rately  deformable  molecules  mainly  because  of  the  anisotropy 
of  the  diffusion  coefficients. 

With  the  advent  of  better  theories  for  the  intrin¬ 
sic  viscosity  (Kirkwood  and  Riseman  (1948)  and  Zimm  (1956)) 
further  development  of  the  treatment  of  sheardependence  of 
the  intrinsic  viscosity  has  taken  place  within  the  frame- 
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work  of  these  theories. 

Taking  the  Kirkwood  and  Riseman  theory  as  a  starting 
point,  Peterlin  and  Copick  (1956)  and  Copick  (1956)  were  able 
to  derive  a  formula  for  the  sheardependence  on  the  basis  of 
the  observation  that  the  configurations  of  a  polymer  molecule 
for  a  specified  end-to-end  vector  are  not  spherically  sym¬ 
metric  (see  also  Tompa  (  7  )),  the  direction  parallel  to  r 
being  favoured  over  the  direction  normal  to  r.  In  flow, 
this  asymmetry  of  the  configurations  of  the  molecule  will 
also  lead  to  an  anisotropy  of  the  hydrodynamic  interaction. 
Hence  the  assumption  of  Kirkwood  and  Riseman  which  associates 
with  each  segment  the  same  average  hydrodynamic  interaction 
is  not  valid;  rather  one  must  associate  with  each  segment 
its  own  hydrodynamic  interaction  tensor.  The  result  is 
the  expression: 

M.  =  Mh]0/RT 

+  ... 

e:  coefficient  of 

anisotropy  of 
(3-15)  the  hydrodynamic 

interaction 

For  a  Gaussian  coil.,  Peterlin  and  Copick  calculated  the  co¬ 
efficient  of  anisotropy  to  be  equal  to  0.148.  Ikeda  (1957)* 
however,  finds  it  to  be  equal  to  0.0196,  using  a  different 
way  of  averaging.  The  uncertainty  in  the  value  of  the  co¬ 
efficient  makes  comparison  with  experimental  data  somewhat 
difficult.  The  only  criterion  that  remains  unaffected  by 
the  exact  value  of  e  is  the  inference  that,  if  values  of 
[rI/CrIq  are  plotted  as  a  function  of  M  rj^q  ,  a  unique  curve 


t3t  =  1  -  55 


[’ll 


0 


'0 


should  result  for  a  polymer  homologous  series.  It  turns 
out  that  this  is  not  the  case  ( Cerf  (1959)). 


In  a  series  of  papers,  Peterlin  (i960  ,  1961  )) 


has  examined  the  influence  of  the  extension  of  the  molecule 
on  the  hydrodynamic  interaction.  With  increasing  shear 
stress  the  molecule  becomes  more  and  more  extended.  This 
extension  is  not  uniform,  however,  since  the  distances  be¬ 
tween  remote  elements  increase  more  rapidly  than  those  be¬ 
tween  close  neighbours.  The  first  consequence  is  that  the 
hydrodynamic  interaction  is  decreased,  and  therefore  the 
intrinsic  viscosity  decreases  as  indicated  in  the  expression 


(3-16) 


AqI  mobility  of  the 


molecule  at  zero 
stress 

P:  degree  of  polymerization;  b:  effective  segment 

length 

At  still  higher  coil  extensions,  the  contribution  to  the 
hydrodynamic  interaction  of  the  close-by  neighbours  also 
markedly  decreases.  This  would  mean  that  the  molecule  is 
more  or  less  equivalent  to  a  rod  rather  than  a  sphere.  On 
further  extension  the  intrinsic  viscosity  increases  slowly, 
the  increase  being  due  to  the  fact  that  the  decrease  in  the 
intrinsic  viscosity  because  of  the  decrease  in  hydrodynamic 
interaction  is  more  than  offset  by  the  increase  in  length 
of  the  equivalent  rod.  This  latter  increase  of  [ rj  ]  as  the 
shear  stress  increases  only  occurs  at  large  shear  stresses. 


8v 

SS  '  c  '■  .!  ;  •  ■"  7."  7>'-3  .  .  '  '  '  •  ..  .  .Vr>  7  '  -  7  '  7 


C 

' 

■  7  •  '  ■'  "  '  7  .•  f  7:  '  '■  7 


Only  one  Instance  of  this  may  have  been  observed  (Merrll 
(i960)  as  cited  by  Peterlin  (1961)).  Since  the  anisotropy 
of  the  hydrodynamic  interaction  has  been  ignored  in  the 
considerations  leading  to  equation  (3-16),  this  equation 
represents  a  minimum  estimate  of  the  sheardependence .  To 
obtain  a  correct  expression  for  the  total  sheardependence 
one  should  add  the  coefficients  occuring  in  equations  (3-16) 
and  (3-15)  (Peterlin  (1961  ))„ 

The  success  of  the  Rouse  (1953)  and  Zimm  (1956) 
theories  of  the  intrinsic  viscosity  and  the  dynamic  beha¬ 
viour  of  polymer  solutions  has  led  to  the  development  of 
three  distinct  theories  of  sheardependence  ( Cerf  ( 1957*  1958)* 
Takemura  (1958)  and  Pao  (1956*  1957*  1962)), 

The  Rouse  and  Zimm  model  can  be  briefly  described 
as  follows.  Rouse  replaced  the  molecule  by  a  set  of  coupled 
elastic  springs.,  one  spring  associated  with  each  Kuhn  sta¬ 
tistical  chainelement  of  the  molecule.  The  spring  constant 
of  this  spring  is  essentially  the  spring  constant  of  the 
statistical  restoring  force,  operating  between  the  two  ends 
of  the  molecule  ( cf  (3-9a))  and  is  hence  related  to  the 
configuration  of  the  molecule.  The  assumption  is  that  the 
primary  effect  of  the  velocity  gradient  is  to  carry  each 
segment  of  the  molecule  along  with  the  liquid,  (free-draining 
approximation) .  If  we  now  define  a  coordinate  system  with 
the  origin  fixed  in  the  centre  of  mass  or  centre  of  resis¬ 
tance  of  the  molecule,  and  which  will  follow  only  the  trans¬ 
lational  velocity,  we  see  (Figure  5)  that  because  of  the 
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velocity  gradient  a  hydrodynamic  torque  acts  on  the  molecule 
causing  it  to  rotate.  It  can  also  be  shown  that  this  tor¬ 
que  causes  the  molecule  to  rotate  with  a  frequency  equal  to 

q/2  (q:  shear  rate).  Essen¬ 
tially  the  problem  is  now  re¬ 
duced  to  that  of  a  set  of 
springs  driven  by  a  periodic 
force  with  frequency  equal  to 
q/2.  The  equation  of  motion 
of  the  segments  is  solved  by 
means  of  an  orthogonal  trans¬ 
formation  to  'normal  coordi¬ 
nates  ' .  This  transformation 
separates  the  combined  motion 
of  all  the  parts  of  the  mole¬ 
cule  into  a  series  of  independent  modes.,  where  each  mode 
describes  a  particular  deformation  of  the  molecule  and  has 
its  own  characteristic  relaxation  time.  The  difference  be¬ 
tween  the  Rouse  and  Zimm  model  is  that  Rouse  neglects  hydro- 
dynamic  interaction,  whereas  Zimm  takes  it  into  account. 
Hence  Zimm's  model  corresponds  to  the  non-free-draining 
molecule . 

The  Zimm  theory  would  be  the  one  applicable  to 
the  type  of  polymers  we.  are  concerned  with  in  this  thesis. 
Zimm  (loc.  cit.)  did  not  obtain  a  sheardependence  of  the 
intrinsic  viscosity.  There  are  several  reasons  for  this: 


Figure  5 


I 


^i)  The  transformation  to  normal  coordinates 
(Zimin  (loc.  cit.))  is  linear. 

(ii)  Since  the  theory  is  essentially  an  applica¬ 
tion  of  the  Kirkwood  and  Riseman  model,  it  does  not  take 
into  account  the  anisotropy  of  the  hydrodynamic  interaction 
which,  according  to  Peterlin  and  Copick  (1956),  plays  a  domi¬ 
nant  role  in  sheardependence . 

(iii)  The  Zimrn  theory  applies  only  to  Theta- 
solutions  (Peticolas  (1961)).  This  implies  that  the  molecule 
is  treated  as  an  impermeable  rigid  sphere  (Plory  and  Pox 
(1951))^  which  would  not  show  any  sheardependence. 

Nevertheless,  one  may  hope  to  modify  his  model  to 
provide  for  sheardependence,  mainly  because  it  is  eminently 
suitable  for  treating  the  deformation  of  the  molecule. 

Both  the  Zimm  and  the  Rouse  theories  have  received 
extensive  verification  by  dynamic  experiments  (Perry  (2), 
Ferry  et  al  (1962)).  In  a  dynamic  experiment  one  subjects 
the  sample  to  a  periodic  stress,  usually  sinusoidal,  and 
records  its  response.  For  details  of  the  experiments  the 
reader  is  referred  to  Ferry’s  monograph  (  2  ) .  From  our 
brief  outline  of  the  Rouse  model  it  is  evident  that  in 
Rouse's  coordinate  system  (Figure  5)  the  force  on  the  mole¬ 
cule  is  also  periodic  and  related  to  the  shear  rate  in 
flow.  However,  the  dynamic  theories  imply  a  small  stress 
amplitude . 

The  question  now  arises.  Is  the  observed  shear- 
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dependence  of  the  Intrinsic  viscosity  due  to  an  effect  of 
amplitude,  in  which  case  the  dynamic  theories  need  extensive 
modification;  or  is  it  analogous  to  the  frequency  dependence 
of  the  dynamic  viscosity  measured  at  constant  amplitude,  in 
which  case  the  dynamic  theories  would  apply  to  steady  flow 
experiments  if  the  circular  frequency  od  were  replaced  by  the 
shear  rate . 

Cerf  (1957*  1958,  1959)  considers  sheardependence 
essentially  as  an  amplitude  effect.  He  writes  each  princi¬ 
pal  mode  of  deformation  as  the  sum  of  a  pure  deformation 
and  a  rigid  rotation: 

s  :  pth  mode  of 

s  =  s  .  +  s  ~  P  deformation 

p  p,d  p,<2 


Since  the  rotation  term  does  not  influence  the  deformation 

it  seems  correct  to  consider  only  s  ,  .  To  this  end  he 

°  p,  d 

adds  a  term  $(s  -  s^)  to  the  transformed  force  equation 
where  $  is  the  'inner  viscosity’  matrix.  He  is  then  able 
to  obtain  a  sheardependence  as  follows: 
for  a  large  internal  viscosity: 


T  ti  1  2  2  2 

1  ■  =  1  -  0.86>t  (weak  hydrodynamic  inter- 

action) 


T  Tl  1  r  2  2  2 

-f-H —  =  1  -  O.oO^ruq  (strong  hydrodynamic 
L1*  J  0  interaction) 

(3-17) 


and  for  a  small  internal  viscosity: 
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(3-18) 


P 


=  (1 


p  v  )t 
KP  P'  P 


elements  of  the  matrix 
R  =  f_1  $ 


v  =  —  (for  deflnl-  f:  friction  coefficient 

^  ^p  tlon  see 

Zlmm  (1956)) 

We  see  that  for  p  =  0  ,  I.e.  for  zero  Internal  viscosity., 
the  shear dependence  disappears .  Moreover.,  the  sheardepen- 
dence  is  no  longer  a  universal  function  of  )/[_  r]0q  ,  since 
the  coefficients  differ  depending  on  the  strength  of  the 
hydrodynamic  interaction.  A  small  internal  viscosity 
means,  among  other  things,  that  the  changes  in  shape  of  the 
molecule  are  so  rapid  that  the  non- spherical  configurations 
have  a  negligible  influence  on  the  sheardependence .  A 
large  internal  viscosity  (signifying  that  the  molecule  will 
resist  further  deformation)  obtains  when  the  viscosity  of 
the  solvent  is  large.  In  the  above  formulae  the  comparison 
is  made  at  constant  shear  rate  (t/t\  constant)  and  therefore 
if  the  viscosity  of  the  solvent  is  large  the  stresses, 
which  are  responsible  for  the  deformation,  are  correspond¬ 
ingly  larger,  and  so  is  the  deformation.  A  large  internal 
viscosity  also  obtains  when  the  viscosity  of  the  solvent 
is  very  low  for  a  similar  reason:  the  stresses  are  not 
large  enough  to  deform  the  molecule,  and  hence  the  molecule 
appears  to  be  rigid. 

Takemura  (1958),  starting  with  the  Rouse  model. 
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solves  the  diffusion  equation  for  the  distribution  function 
with  respect  to  a  moving  coordinate  system.  Assuming  'some 


stiffness'  he  takes  the  rate  of  rotation  of  the 
system  to  be  ^  q  (q  is  the  shear  rate  in  steady 
obtains : 

N 

ri  =  iq  +  nkT  2  - 

P=1  1  +  q 


coordinate 
flow)  and 

(3-19) 


which  is  to  be  compared  to  the  real  part  of  the  dynamic  vis¬ 
cosity  as  obtained  by  House  (1953): 


^1  =  +  nkT 


N 

2 

P=1 


T. 


P 


n  ,  2  2 
1  +  CD  Tp 


Takemura's  result  states  that  in  the  sheardependence  the  role 
of  the  stationary  shear  rate  q  is  exactly  analogous  to  the 
role  of  the  circular  frequency  oj  in  a  dynamic  experiment. 

Takemura's  result  is  incompatible  with  the  result 
of  Cerf.,  for  if  we  divide  out  the  term  in  (3-18)  we  obtain 
approximately: 

TP  [1  -  2tpv9 

which  is  to  be  compared  with  Takemura's  result: 


But  if  Tp  =  Tp  then  according  to  Cerf '  s  theory  there  is 
no  sheardependence.  Cerf  (1959)  states  that  the  difference 
is  due  to  incomplete  calculation  by  Takemura,  who  took  into 
account  only  the  first  term  of  a  power  development  in  q  of 
the  distribution  function. 
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The  most  recent  development  Is  due  to  Pao  (1962). 
He  does  not  Introduce  an  'Inner  viscosity'  or  anisotropic 
Interaction.  Instead  he  postulates  a  'recoverable  displace¬ 
ment  gradient',  6.  With  this  assumption  he  obtains: 


h]  = 


NQkT 
TOOMt ) 


2  2 

,p=l  1+Q 


N 

2 

P=1 


or. 


N 

+  I  2  22 

p=i  i+q 


1,22 

i+q  Tp 


(3-20a) 


(3-20b) 


Comparison  with  the  appropriate  expressions  derived  in  dyna¬ 
mic  theories  (Perry  (  2  )  Chap.  I)  shows  that  the  quantity  5 
is  essentially  a  dynamic  loss- tangent .  In  experiments 
carried  out  with  periodic  shearstresses  such  a  loss  term 
arises  if  the  stress  and  the  response  to  the  stress  of  the 
system  are  not  in  phase.  If  5  is  zero,  Pao ' s  expression  re¬ 
duces  to  that  of  Takemura  (1958). 

In  the  literature  there  does  not  seem  to  be  a  con¬ 
sensus  as  to  whether  the  sheardependence  observed  in  steady 
flow  is  to  be  regarded  as  an  effect  of  the  stress  amplitude 
or  as  an  effect  of  shear  rate  (which  is  equivalent  to  a  cir¬ 
cular  frequency  in  dynamic  experiments) . 

Both  Takemura  and  Pao  solve  the  diffusion  equation, 
which  determines  the  motion  of  the  segments,  in  a  rotating 
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coordinate  system.  In  such  a  coordinate  system  the  stress 
also  is  periodic;  as  the  stress  increases  so  does  the  shear 
rate  and  therefore  the  frequency  of  rotation  of  the  coordi¬ 
nate  system.  It  would  then  seem  that  an  increase  in  stress 
is  equivalent  to  an  increase  in  frequency.  Since  the  defor¬ 
mation  of  the  molecule  increases  as  the  stress  increases, 
the  implication  of  the  foregoing  is  that  the  deformation  of 
the  molecule  can,  in  a  rotating  coordinate  system,  be  des¬ 
cribed  by  an  increase  in  frequency. 

We  will  now  show,  however,  that  this  implication 
is  wrong.  As  is  well  known,  in  a  dynamic  experiment  there 
are  two  independent  variables;  the  amplitude  of  the  applied 
force,  and  its  frequency.  If  one  keeps  the  stress  amplitude 
small  and  constant,  the  resulting  deformations  will  be  small 
and  can  in  most  cases  be  described  by  relationships  linear 
in  the  applied  force  (e.g.  Hooke’s  Law)  (Schwarzl  and 
Staverman  in  (12)  Chap.  1  and  2).  It  is  then  possible  to 
obtain  a  'relaxation  spectrum'  of  the  material  by  varying 
the  frequency  of  the  force.  If  the  amplitude  of  the  stress 
increases,  this  linear  behaviour  is  no  long  expected  (i.e., 
Hooke's  Law  is  no  longer  valid)  (Schwarzl  (1959))*  and  we 
have  to  deal  with  the  far  more  difficult  problem  of  non¬ 
linear  relaxation.  On  these  grounds  alone  it  would  be  hazar¬ 
dous  to  ignore  the  effect  of  the  stress  amplitude  in  shear. 

An  argument,  which  is  probably  more  convincing,  can 
be  based  on  a  detailed  analysis  of  the  coordinate  transfor¬ 
mation  employed  by  Takemura  and  Pao .  This  transformation 
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is  treated  in  extenso  by  Rivlin  and  Ericksen  (1955) *  in  con¬ 
junction  with  the  formulation  of  their  rheological  equations 
of  state.  Rivlin  and  Ericksen  require  that  a  rigid  rota¬ 
tion  will  leave  the  relationship  between  the  stress  tensor 
and  the  deformation  tensors  unchanged.  Hence  a  relationship 
obtained  in  a  rotating  coordinate  system  -  rotating  with  a 
still-to-be-defined  frequency  -  will  also  be  valid  in  a 
fixed  (or  laboratory)  coordinate  system. 

If  the  velocity  gradient*  referred  to  a  fixed  co¬ 
ordinate  system  x^  *  is  written  as: 

dvi  /  dv^  dv  . 

“  dij  +  “ij  dij  =\-5FJ  + 


and 


(3-21) 
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dv. 

dx 


dv 

dx. 


then*  transformed  to  a  rotating  coordinate  system  y  by 


the  transformation  s  a^y^  ,  it  is  given  as 


du. 


lyj  2  (alkaf  j  +  a^kaij^  dx  j 


dv 


k 


(3-22) 


provided  the  rate  of  rotation  is  equal  to  oxy, 

It  is  seen  that  the  left-hand  side  of  equation 
(3-22)  is  symmetrical  with  respect  to  the  indices  i  and  H * 
which  proves  that  the  deformation  field  described  by  du^/dy^ 
contains  no  anti- symmetric  or  rotation  terms.  The  deforma¬ 
tion  field  in  the  rotating  coordinates  is  hence  irrotational 
and  represents  a  pure  deformation.  The  required  rigid 


' 


8i 


i 

rotation  of  the  coordinate  system  is  seen  to  be  equal  to  —  q, 
which  is  the  rate  of  rotation  assumed  by  both  Pao  and  Takemura . 

Hence  in  a  rotating  coordinate  system  as  just  des¬ 
cribed  the  deformation  is  to  be  treated  in  terms  of  the  stress 
amplitude,  or  the  stress  tensor.  The  associated  rotation 
is  a  rigid  rotation  and  hence  leaves  unchanged  both  the  defor¬ 
mation  and  the  stored  energy. 

The  usefulness  of  the  transformation  to  rotating 
coordinates  lies  in  the  fact  that  in  this  coordinate  system 
the  deformation  can  be  treated  as  a  'static'  problem  (Phil- 
lipoff  (1961)). 

If  the  theories  of  Takemura  and  Pao  are  valid  at 
all,  the  validity  is  restricted  to  dynamic  experiments  with 
a  small  and  constant  applied  stress.  For  steady  shear  flow 
these  theories  are  probably  only  valid  in  the  limit  of  zero 
shear  stress. 

3-C  Calculations  of  the  non-Newtonian  flow  behaviour  with 
the  aid  of  rheological  equations  of  state 

In  the  rheological  treatments  discusses  in  section 
B  of  this  chapter  expressions  for  the  viscosity  of  a  liquid 
are  derived  using  an  expression  for  the  energy  dissipated  in 
flow  ( cf .  equations  (3-6)).  Since  this  quantity  is  equal 
to  the  product  of  the  coefficient  of  viscosity  and  the  square 
of  the  shear  rate,  the  coefficient  of  viscosity  follows  di¬ 
rectly  . 

On  the  other  hand,  we  could  calculate  the  stress 
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tensor  and  the  appropriate  deformation  tensors;  then  with 
the  aid  of  a  rheological  equation  of  state  we  can  obtain 
shear  viscosity  from  the  relationship  between  the  shear 
stress  and  the  corresponding  component  of  the  deformation 
tensor,  according  to  Newton's  definition.  The  latter  approach 
has  only  been  recently  exploited  for  the  calculation  of  the 
flow  properties  of  suspensions  (Giesekus  (1956,  1962)  and 
Prager  (1957)).  From  the  structure  of  the  rheological  equa¬ 
tions  of  state,  as  exemplified  by  equations  (1-15)  and  (l-20), 
this  approach  would  seem  a  very  arduous  matter.  In  simple 
shear  the  general  equations  predict.  In  addition  to  the 
shear  stress,  three  different  normal  stresses,  each  being  a 
complicated  function  of  the  deformation  tensors.  Fortunately 
Giesekus  (1962a)  and  Prager  (1957)  were  able  to  show  that, 
to  a  first  approximation,  suspensions  are  Weissenberg  li¬ 
quids  . 


If  we  write  for  the  stresses  required  to  maintain 
a  simple  shearing  motion  in  the  liquid  (Giesekus  (1962b)) 


all  = 

-  P  +  q2  F(q2) 

al2  “ 

2 

a?1  =  q  H(q  ) 

-p:  isotropic 

pressure 

Q 

ro 

ro 

11 

-  p  -  q2  G(q2) 

Q 

ro 

u> 

11 

a32  =  0 

q:  magnitude 
of  the 

velocity  gradient 

a33  “ 

-  P 

11 

rH 

OO 

q 

a13  =  ° 

1:  direction  of 
flow 

2:  direction  of 
velocity  gradient 

the  characteristic  of  a  Weissenberg  liquid,  namely  a 22  =  0^3, 

p 

implies  that  G(q  )  is  equal  to  zero.  We  are  left,  therefore. 


V,;  i‘ ! 

■ 

no  i , 

oi  > 

r  f  r  v  ?  ■  '  or; ;  1  f> 


;e^ 

83 


p 

with  only  two  functions:  H(q  ) ,  the  sheardependence  of  the 
coefficient  of  viscosity,  and  F(q  ),  the  normal  stress  func¬ 
tion.  For  the  specification  of  the  stress  tensor  in  terms 
of  the  constituent  particles  one  proceeds  in  the  following 
manner  (G-iesekus  (1961)).  Let  us  denote  the  place  of  the 
1th  particle  by  a  position  vector  Z ^  and  its  mobility  by  a 
scalar  .  Then  the  velocity  of  this  particle  relative  to 
the  velocity  of  the  solvent  (or,  better,  relative  to  an  ap¬ 
propriately  deformed  continuum)  is  given  by: 


w 


i 


Vv 


$>T± 


ck 

where  t  is  the  contravariant  converted  derivative.  For 

the  force  exerted  by  the  solvent  on  the  particle  we  have: 


1  ^ 

ki  B± 


Hence  the  stress  tensor  is  given  by: 


a  - 


•  *>*A 

i  w  / 


aQ  =  -  pi  +  2 \ie 


(1) 


(Newtonian  part, 
due  to  the  solvent) 


Since  the  stress  tensor  is  symmetric,  this  can  be  written  as: 


a  -  a0  = 


n  2  2_  li/f  Li 

l  B1  2V\L*t 
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or : 


£>t 


[n  2 
i 


(3-23) 


The  proof  that  this  equation  does  indeed  represent  a  Weissen- 
berg  liquid  is  given  by  Giesekus  (1962a). 

Equation  (3-23)  will  no  longer  represent  a  Weissen- 
berg  liquid  if  the  mobility  ceases  to  be  a  scalar  quanti¬ 

ty  (Giesekus  loc.  cit.).  Calculations  by  Giesekus  (1956  - 
1962)  show  that  solutions  of  dumbells,  whether  these  be  ri¬ 
gid  or  not,  form  Weissenberg  liquids  if  hydrodynamic  inter¬ 
action  between  the  two  ends  of  the  dumbell  are  neglected. 

A  similar  conclusion  was  reached  by  Kotaka  (1959)  for  sus¬ 
pensions  of  thin  rigid  rods. 

Introduction  of  hydrodynamic  interaction,  asymme¬ 
try  of  shape  (i.e.  ellipsoidal  instead  of  spherical  parti¬ 
cles)  ,  and  ’inner  viscosity1  all  will  make  the  mobility  a 
tensor  quantity.  By  themselves  the  complications  of  hydro- 
dynamic  interaction  and  asymmetry  are  not  difficulties  in 
principle.  These  effects  will.,  however,  make  the  calcula¬ 
tions  more  complicated  (Giesekus  (1962b),  Kotaka  (1959)). 

From  the  treatment  of  the  sheardependence  of  the 
intrinsic  viscosity  given  in  section  B  it  follows  that,  in 
the  cases  considered,  the  sheardependence  is  a  result  of  a 
tensorial  mobility  (anisotropic  hydrodynamic  interaction 
(Peterlin  and  Copick  (1956)),  Kuhn's  ’inner  viscosity*  etc.). 
It  was  also  shown,  in  Chapter  2,  that  the  intrinsic  visco¬ 
sity  of  a  flexible  molecule  in  a  good  solvent  can,  with 
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some  justification,,  be  treated  in  terms  of  an  equivalent  el¬ 
lipsoid.  We  will  therefore  give  the  results  of  the  calcula¬ 
tions  by  Giesekus  (1962b)  for  suspensions  of  rigid  impene¬ 
trable  ellipsoids. 


This  calculation  is  performed  in  two  steps:  the 


additional  stresses  due  to  the  velocity  gradient  are  calcu¬ 
lated  separately  and  then  added  to  those  due  to  the  Brownian 
diffusion.  Details  of  the  calculation  may  be  found  in  the 
original  paper  (Giesekus  (1962b)).  The  results  are  as  fol¬ 
lows  : 

for  the  stresses  due  to  the  flow  of  the  liquid 


°ll)  =  <44  =  24nTnVb(|Q  +  iL)q2 


=  24|ainVb  JL  q2 


2q2t,2(TT5  G  +  35  H)  n 


(3-24) 


for  the  stresses  due  to  the  Brownian  diffusion 


=  24qxnVbJ(-^  +  t^q)g^ 


=  24|_iTnVb  J(  -  +  qjr^q2 


crlP^  =  -  4c  dvnVb2Jq2 
33  35 
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•  (D)  _  2 


12 


irnVbJq 


0(D)  =  a(D)  .  o 
23  31 


(3-25) 


Where  t  =  ^ -  ,  \i  =  viscosity  of  solvent ,  V:  volume  of 

rot 

the  particle,  and  b,  J,  G,  H,  B  are  functions  of  the  axis 
ratio  p  only;  they  are  given  explicitly  in  Giesekus  (1962b). 

If  this  system  of  stresses  is  complete,  then  it 
should  describe  all  the  properties  of  the  liquid  -  not  only 
sheardependence  but  also  streaming  birefringence.  Following 
the  general  method  of  Lodge  (1956)  and  Phillipoff  (1961) 
we  can  immediately  write  down  the  expression  for  the  orien¬ 
tation  angle  (i.e.  the  average  orientation  of  the  particles 
within  a  plane,  usually  the  1,2  plane).  It  is  as  follows: 

“a12 

tan  2X12  =  gIl ~°22~ 

If  q  goes  to  zero,  x  goes  to  45°  and  cotg  2y  goes  to  zero. 
Hence  for  the  limiting  dependence  of  the  angle  x  on  G  we 
can  write 


cotg  2x12  =  2y 


all  "  a22 


12 


Hence 


X 


1  f 


2  a 


3rbJ 


12 


(3-26) 


12  2  i  2G  +  10H  +  15B  +  Kr 


q 


and 


tan  a  =  lim 
q-O 


12  1  \  3TbJ 


"6q~ 


2  ^ 2G+10H+15B+K2 


K 

1  1 

2 

E  +  F 

- 

12  D  , 
rot 

k4  +  k2 

(3-27) 
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Kr>,  K^,  E  and  E  depend  only  on  the  axis  ratio  p  and  are  also 
given  In  Criesekus  (1962b)  .  Despite  appearances  this  Is  In 
agreement  with  the  result  obtained  by  Peterlin  and  Stuart 
(1938) : 


tan  a  = 


12Drot  ’b 


(3-28) 


We  verified  this  agreement  by  evaluating  the  various  func¬ 
tions  numerically.  In  the  other  planes,,  there  will  be  no 
orientation  since  C-^  and  a ^  are  zero  in  simple  shear 
(tang  2x^2  and  tang  are  both  zero,  hence  x^  =  Xp 3  =  0) 

In  these  respects  it  is  evident  that  a  calculation 
of  all  stresses  leads  to  a  considerable  dividend  in  that 
it  describes  not  only  the  sheardependence  but  all  the  pro¬ 
perties  of  the  system.  Inspection  of  the  equations  given 

for  the  normal  stresses  also  reveal  the  importance  of  the 

(S')  ( s) 

Brownian  motion.  Since  c>|^'  =  °pp  no  oraen tation  angle 
would  be  observed  if  Brownian  motion  were  neglected. 

So  far  we  have  been  considering  rigid  particles. 

We  can  however  extend  the  theory  to  deformable  ellipsoids. 

In  flow,  deformable  ellipsoids  in  solution  will  be  both 
oriented  and  deformed.  For  such  solutions  we  will  have  to 
calculate  the  effects  of  ’cross-viscosity1  (orientation) 
and  ’cross-elasticity1  (deformation).  Since  these  two  ef¬ 
fects  cannot  be  calculated  in  the  same  way  -  for  reasons 
already  given  in  Chapter  1  -  we  are  forced  to  calculate 
them  separately. 

The  stresses  required  to  maintain  a  certain  defor- 
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mation  in  simple  shear  can  be  calculated  on  the  basis  of  the 
theory  of  Rivlin  (in  (l4)  Chap.  10)  and  Mooney  (1959).  We 
will  follow  the  method  of  Phillipoff  (1961). 

Consider  a  unit  sphere,,  for  which  the  relation 

2  2  2 
x  +  y  +  z  =  1 

holds  in  a  certain  coordinate  system.  In  plane  simple  shear, 
described  by: 

x,  =  x  +  sy 

y,  =  y 

z ,  =  z 

this  unit  sphere  is  transformed  into  a  triaxial  ellipsoid: 

x2  +  (l+s2)y2  +  z2  -  2sx,y,  =  1 

which  can  be  written  in  .matrix  form  as: 

1  -s  0 

-s  1+s2  0 

0  0  1 


The  inclination  of  the  principal  axis  of  this  strain  ellip¬ 
soid  is  given  by: 


tan  2x 


2a 


12 


all  G22 


-2s 

1  -  (1+s2) 


2 

s 


hence : 


s  =  2  cotg  2x 


(3-29) 


The  quantity  s  is  called  the  'recoverable  shear'.  By  trans¬ 
forming  the  strain  matrix  to  principal  axis,  we  obtain: 

2  2 

1+s  sin  x  -  s  sinx  0  0 

2  2 

0  l+ssinx+s  sinx  0 


0 


0 
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or : 


A1 

0 

0 

0 

tang‘"x 

0 

0 

1/A2 

0 

0 

0 

cu 

t< 

0 

= 

0 

2 

cotg  X 

0 

= 

0 

A2 

0 

0 

0 

A3 

I  0 

0 

1 

0 

0 

1 

A:  principal  extension  in  shear 


Having  calculated  the  strain  ellipsoid,,  we  now  have 
to  calculate  the  stress  tensor.  This  calculation  rests  on 
the  existence  of  a  strain  energy  function,  W.  The  strain 
energy  ¥  is  defined  as  energy  per  volume  (ergs/cc),  which 
has  the  same  dimensions  as  a  stress  (dynes/cm  ).  For  incom¬ 
pressible  liquids,  W  is  a  function  of  the  first  two  inva¬ 
riants  ( 1-^  and  I^)  of  the  strain  tensor  (Rivlin  in  (l4) 

Chap.  10) .  The  principal  stresses  for  any  deformation  of 
an  incompressible  material  are  given  by  (Rivlin  (loc.  cit.)): 


a.  =  2A? 
1  i 


/  c)W 


)  - 


1 


/  dW 


■)  +  p 


0 


For  simple  shear  the  principal  stresses  are: 

s  dW  dW  s2  8W 


a,  =  2  f  4R  + 44-  + 


1  “  *  ^  2  ^  Sin2x  ~  2  +  sin2y 


8W 


■  +  P 


0 


.2u^--s-hi  +2:)  +  + 


dW  8W 

~5T7  " 


'1 


sin2x  \  (31-j-  "ST 


+  P 


0 


Or,  =  2 


c>W 

~ST. 


dw 

~5Z 


1  + 


s  (  dw  8w 

sin2x  /3I7  "5T2 


+  P 


0 


a3  =  2 


8w 

~$T. 


8w 

"5T 


+  P 


0 


(3-30) 
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The  isotropic  value  is: 

a  +  a  +  a 
Pi  =  p0  +  3 


P 


0 


This  completes  the  calculation  of  the  stress  ten¬ 
sor.  Both  the  stress  tensor  and  the  strain  tensor  have  been 
expressed  in  terms  of  principal  values.  Since  the  princi¬ 
pal  direction  of  strain  makes  an  angle  x  with  respect  to 
the  X-axis  of  our  (fixed)  coordinate  system,,  which  was  used 
to  describe  the  position  of  the  undeformed  sphere,,  we  will 
have  to  rotate  the  stress  tensor  by  the  same  angle.,  in  order 
to  maintain  equilibrium.  Therefore  the  stresses  measured 
with  respect  to  the  fixed  coordinate  system  are: 


0.2  ^  ,  nfStl  Sw  \  _  0,2  3W_  , 

'll  -  Ss  +  2  '  ^r2)  +  po  -  23  +  po 


22 
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aw 

~5T, 


O  2  aW  .  | 

+  p0  -  -  2s  +  P0 


CJ^  =  2 


aw  aw 


33  "  "  "5T 


+  P 
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po 


°12  -  23 


iW 


V51! 
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+  'Sl 


(3-31) 


and  the  stress  differences  are: 


11  33 


n  2 

(  aw 

22  = 

2s 
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2  aw 
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aw 
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(3-32) 
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We  can  simplify  these  expressions  If  we  put 
equal  to  zero.  Clfferri  and  Plory  (1959)  have  shown  that 
this  derivative,  which  does  not  occur  in  rubber  elasticity 
theory,  is  a  hysteresis  term,  which  will  probably  be  zero 
for  our  highly  swollen  polymer  molecules.  If  this  is  so, 
the  expressions  simplify  to: 


all  "  a22  ~  2s 


2  c)W 

~$T. 


„  0  <3W 

12  ~  2s  7TL 


a 


22 


-  a 


33 


=  0 


11 


-  a 


33 


=  0 


(3-33) 


In  the  above  treatment  we  have  deformed  a  sphere 
into  an  ellipsoid.  In  flow  this  ellipsoid  will  orient  itself. 
Hence  for  the  limiting  orientation  angle  we  will  have  two 
contributions,  one  due  to  the  orientation,  which  will  be 
governed  by  the  appropriate  rotational  diffusion  coefficient, 
the  other  to  deformation.  The  orientation  term  will  be 


M[n]0n0 

given  by  the  expression  ( Zimm  (1956)):  constant  •  — ^ - 

(which  has  the  dimensions  of  time) .  Hence  the  deformation 
term  will  also  have  to  be  expressed  in  terms  of  a  relaxa¬ 
tion  time. 


If  we  compare  the  equation 


n  dW 
12  ~  2s  dl. 


for  the 


shear  stress  required  to  maintain  the  deformation,  with  the 
expression  for  the  shear  stress  required  to  maintain  a 
steady  flow  of  a  liquid  with  viscosity  r\,  namely  o^  =  rjq  , 
then  on  equating  these  two  shear  stresses  we  find  that  the 
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ratio  of  the  recoverable 


equal  to  the  ratio 


.  A  . 

dW/dl 


shear  s  and  the  shear  rate  q  is 

.  Since  the  quantity  dW/dIn  can 
1  1 


be  regarded  as  a  shear  modulus,  Kotaka  e_t  a_l  (1959)  con¬ 
clude,  by  analogy  with  the  Maxwell  definition  of  viscosity, 
that  the  ratio  s/q  represents  an  apparent  relaxation  time 
for  the  deformation  of  the  sphere.  Hence  the  recoverable 
shear  is  a  dimensionless  quantity.  We  will  now  derive  an 
expression  for  the  recoverable  shear  in  terms  of  molecular 
parameters  of  the  polymer  molecule. 


3-D  Derivation  of  the  expression  for  the  recoverable  shear 
In  our  model  the  deformation  of  the  molecule  leads 
to  a  contribution  to  the  limiting  extinction  angle  because 
of  the  strain  resulting  from  the  deformation.  Alternatively 
one  might  say  that,  in  flow,  part  of  the  energy  is  stored 
as  strain  energy.  If  we  were  concerned  with  dynamic  experi¬ 
ments,  the  expression  for  the  stored  energy  in  flow  could 
be  immediately  written  down,  since  it  reaches  a  limiting 
value  at  low  frequencies  and  is  given  by  the  value  of  the 
'steady  state  compliance'  Jg  (Ferry  (2)  page  169) .  For  con¬ 
centrated  solutions  (Rouse  (1953)  and  Ferry  (loc.  cit.)): 

Je  =  (pEF)  7^-2  P;  denslty 

'  D 

^  t  :  relaxation  times 

P 

(3-34) 

Even  though  we  have  reservations  about  the  validity  of  the 
application  of  the  Rouse  and  Zimm  model  for  the  sheardepen- 
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dence  of  the  intrinsic  viscosity,  we  have  given  reasons  why 
nevertheless  these  theories  may  be  valid  at  small  shear 
stresses.  Since  we  are  here  concerned  with  a  quantity  ex¬ 
pressing  the  limiting  dependence  of  the  stored  energy  if  the 
shear  stress  goes  to  zero,  we  may  assume  the  Rouse  and  Zimrn 
model  to  be  valid.  We  will  therefore  write  for  the  reco¬ 
verable  shear: 


s  =  J  •  cr,  0  =  J  •ri  •  q 
e  12  e  1  1 


(3-35a) 


and : 


O  -T- 

—  =  J  .r\ 
q  e  1 


(3-35b) 


Using  the  expression  rj  =  ( 2Tp  for  the  viscosity  inside 


the  molecule  we  obtain 


Ztc 


J  = 


P 


(Zt  ) 
v  Py 


Zt  =  0.400  Zt 
P  P 


(3-36) 


The  relaxation  times  t^  are  given  by  Rouse  as: 


t  = 
P 


<h2>  M£ 

0  ^0  1 

r  2  M„RT  2 
077"  0  P 


Mq :  molecular  weight  of  the 

monomer 

(3-37) 


where  £,q  is  the  monomeric  friction  factor.  This  friction 
factor  will  be  inversely  proportional  to  the  molecular 
weight:  the  larger  the  number  of  segments  between  two  mo¬ 

nomers,  the  more  readily  would  relative  motion  of  one  with 
respect  to  the  other  be  possible.  As  Rouse  (1953)  shows, 
this  inverse  proportionality  holds  whether  one  considers 
individual  segments,  ends  of  'statistical  chain  elements' 
or  the  free  ends  of  the  molecule.  It  is  essentially  a  con- 


e-/x  '  y:  ;>  i  snl n  1  9.rfj  lo  \s*onw.‘ 

,n  .  j.rd  ■■  .  iW  .  j  ■■■  ,•. .  fi-; 

'  Si  :: 

' -I.’ '  ?7 J.  1  : ? i  .  ’  m;  ■■■:■  V 


1 :  ::  ■£>■•  I  .;>  -  :  row 


rr  1  -  :i  ...•qo  .  q  v  ,  .  '  v ■  t.  ■■■■:-}.  :r xw  -.i.c? J'  t 

.;::I  9,V''  ;  xov/ 

j 


94 


sequence  of  the  fact  that  relative  motion  over  and  above  the 
thermal  motion  of  the  chain  elements  with  respect  to  each 
other  changes  the  configurational  entropy  of  the  molecule. 
Hence  we  obtain  our  end  result: 

<hn>  l  i  i 

J  .q  =  0.400  2  ^ - g  ~  P  =  constant  p 

0  6ir  p 


P  =  40M 


(3-38) 


An  alternate  derivation,,  in  terms  of  the  Kuhn  ’inner 
viscosity’  B  can  be  given  as  follows.  If  we  take  the  effect 
of  deformation  so  as  to  change  the  configurational  entropy 
of  the  molecule,  then  we  can  replace  the  molecule  by  an 
elastic  spring.  The  force  opposing  the  deformation  is  then 
the  statistical  restoring  force: 


K,  =  h 

<4> 


(of,  equation  (3-9&) ) *  The  force  constant  2kl/<hQ>  has  the 

=bP 

dimensions  mt” : ,  Recalling  that  the  Kuhn  'inner  viscosity' 
parameter  B  has  the  dimensions  of  a  viscosity  times  a 
length  and  is  inversely  proportional  to  the  molecular  weight, 
we  find  that 

<h,Q>B 

kl 


has  the  dimensions  of  time.  Kuhn  and  Kuhn  (1946)  called 
this  quantity  the  'Makrokonstellationswechselzeit ' ;  it  is 
the  time  required  for  the  motion  of  one  of  the  ends  of  the 

2  V2 

molecule  over  a  radial  distance  <1 1_>  .  Multiplying  this 


J  ,  .  .•  ;<■  ■.  .rn 
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•relaxation  time'  by  M/NMq,  we  obtain: 


h2> 

0  BM 
kT  NM 


<ho> 

RT 


constant 


(3-39) 


which  Is,  except  for  the  constant,  identical  with  the  rela¬ 
xation  time  derived  on  the  basis  of  the  Rouse  model. 

We  have  given  this  alternate  'derivation'  to  make 

O 

clear  the  significance  of  the  term  <hQ>/RT.  It  arises  es¬ 
sentially  from  the  spring  constant  of  the  statistical  res¬ 
toring  force,  and  is  proportional  to  the  unperturbed  end-to- 
end  distance  of  the  molecule  regardless  of  the  actual  ex¬ 
tension  of  the  molecule.  This  means  that  if  measurements 

2 

are  carried  out  in  'good'  solvents,  <h^>  does  not  have  to 

2 

be  replaced  by  the  actual  end-to-end  distance,  <h  >, 
corrected  for  excluded  volume.  Hence,  even  in  good  sol¬ 
vents,  the  deformation  term  will  remain  proportional  to 
the  molecular  weight.  Our  expression  (3-38)  for  the 
'recoverable  shear'  may  be  compared  with  the  similar  'inner 
viscosity'  term  derived  by  Cerf  (1959):  d?  <hQ>/kT.  (Here 
d  is  a  numerical  coefficient  and  %  the  coefficient  of 
inner  viscosity  as  defined  by  Cerf,  which  coefficient  is 
independent  of  the  molecular  weight.) 

Cerf  (1958)  introduces  this  same  coefficient  into 
his  theory  of  the  sheardependence  of  the  intrinsic  viscosity. 
We  will,  however,  postpone  our  discussion  of  this  shearde¬ 
pendence  term  until  we  have  more  fully  discussed,  in  Chapter 
4,  the  flow  of  a  general  non-Newtonian  liquid  in  capillary 
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viscometers.  However,  at  this  point  it  is  interesting  to 
discuss,  in  terms  of  the  various  notions  of  'inner  viscosity1, 
the  evidence  for  the  deformation  of  the  molecule,  which  is 
available  from  streaming  birefringence. 


3-E  The  coefficient  of  'inner  viscosity' 

The  evidence  for  and  the  effect  of  'inner  viscosity' 
in  streaming  birefringence  has  been  conclusively  shown  by 
Leray  (i960).  He  interpreted  his  data  according  to  the  equa¬ 
tion  proposed  by  Cerf  (1959)  for  the  limiting  dependence  on 
the  shear  rate  of  the  observed  extinction  angle: 

GVh2: 


Mh]nn0  ^<hr)> 

tana  =  a  -  ^  -  —  +  d  u 


RT 


kT 


a,  d:  numerical  co¬ 
efficients 

(F :  coefficient  of 

internal  viscosity 


3-40) 


The  first  term  in  this  expression  represents  the  effect  of 
the  orientation  of  the  molecule ;  the  second  term  is  the  con¬ 
tribution  of  the  inner  viscosity.  For  reasons  given  above, 
this  term  should  be  independent  of  the  viscosity  of  the 
solvent  (since  it  represents  the  effect  of  the  deformation 
of  the  polymer  molecule  only)  and  should  be  proportional  to 
the  molecular  weight  regardless  of  the  solvent. 

It  Is  instructive  to  compare  the  relative  magni¬ 
tudes  of  the  two  terms .  For  four  fractions  of  polystyrene 
in  benzene  Leray  (i960)  obtained  the  following  results: 


Table  1 


fraction 

M  x  10  b 
w 

M[rilr)0  s 

0.1  — p^r--  x  10 J 

( calc . ) 

d?  m  5 

kT  X  10 

( from  exp . ) 

"D,  /D 
tan7  : 

C3 

0.52 

0.224 

4.0 

16 .8 

c4 

1.24 

0.774 

7.0 

8.04 

c5 

3.53 

5.74 

l8 .0 

2.16 

10.00 

36.7 

52.0 

0.42 

The  most  remarkable  feature  is  the  predominance  of  the  defor¬ 
mation  term  if  the  molecular  weight  decreases.  Making  use 
of  the  radial  diffusion  coefficient  as  defined  by  Kuhn  and 
Kuhn  to  take  the  deformation  of  the  molecule  into  account 
( cf .  equations  (3-11)  and  (3-12)),  we  can  write  down  an  ex¬ 
pression  proportional  to  ^tan/D^ad  -1,  which  according  to 
Kuhn  and  Kuhn  is  equal  to  8b/LAt)q,  in  terms  of  the  parameters 
occuring  in  Cerft1  s  theory,  as  follows: 


tan^rad 


1  <h0>d 
l«q  aM[rj jQri0 


(3-41) 


The  values  of  this  quantity  are  listed  in  the  last  column 
of  Table  1.  It  is  seen,  that  this  quantity  does  indeed  be¬ 
come  small  if  the  molecular  weight  increases.  For  infinite 
molecular  weight  it  vanishes  (because  if  M  co,  [  rj  ]  oo  also). 
At  this  point  both  Kuhn  and  Kuhn,  and  Cerf  are  in  agreement. 

On  the  basis  of  the  Kuhn  and  Kuhn  (1945b,  1946)  theory  of 
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sheardependence  we  would  then  conclude  that  the  sheardepen- 
dence  of  the  intrinsic  viscosity  would  vanish.  The  formula 
for  the  sheardependence  of  the  intrinsic  viscosity  derived 
by  Cerf  (1959)*  can  be  written  as: 

1 


Inl_  - 


N 

=  1-2 
0  P=1 


N 


C~  , /  3iT2pa 

i~r-)  +  - 2 


1 


P^  12iT2p  ^^0 '  ^2T]2q2 


where  a  =  A  2  i—  ,  7  =1  =  1.1  x  10  ^  sec  gr  1  (for  poly- 

p  p  p=l  p 


hence 


X  _  7MRT  _ 


A 


7RT 


X 

M 

M[t]  ] 


0 


RT 


styrene ) 

(3-42) 


0 


If  X  -*■  oo  then 

luL 


=  1 


0 


N 

2 

P=1 


_1_ 

a 


1  -  0.7464  =  0.2536 


P 


1 


This  result  is  curious;  the  sheardependence  term  -0- 

A2r)2q2 

vanishes,,  but  [t]]/[t)]q  does  not  equal  unity. 


The  other  point  of  interest  which  can  be  deduced 
from  Table  1  is  that  the  deformation  term  will  by  far  out¬ 
weigh  the  orientation  term  if  the  molecular  weight  becomes 
small.  This  means  that  if  one  observes  an  extinction  angle 
in  a  streaming  birefringence  experiment.,  it  does  not  neces¬ 
sarily  follow  that  the  solutions  will  also  exhibit  non- 
Newtonian  flow.  Experimentally  it  has  been  shown  (Sharman., 
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Sones  and  Cragg  (1953))  that  the  sheardependence  of  the  In¬ 
trinsic  viscosity  becomes  negligible  If  the  molecular  weight 
is  less  than  1  x  10^.  The  data  of  Table  1  show  that  the 
contribution  to  the  extinction  angle  of  the  deformation  is 
more  than  10  times  that  of  'orientation1. 

We  can  therefore  conclude  that  contrary  to  the 
assumptions  of  Kuhn  and  Kuhn  (1945b)  the  magnitude  of  the  ratio 
■^tan/D^ad  -  1,  is  not  a  valid  criterion  for  the  sheardepen¬ 
dence  of  the  intrinsic  viscosity. 


3-F  Conclusion 

From  the  theories  discussed  in  this  chapter  the 
following  inferences  can  be  drawn  about  the  sheardependence 
of  the  intrinsic  viscosity  of  polymer  molecules. 

If  the  polymer  molecule  can  be  represented  by  a 
rigid  asymmetric  particle,  the  sheardependence  is  wholly  due 
to  a  progressive  orientation  of  the  molecule  by  the  shear 
stress.  Experimental  data  (Yang  ( 1958))  show  that  for  such 
molecules  the  theories  developed  are  quantitatively  valid. 

If  the  polymer  molecule  is  flexible,  no  quantita¬ 
tive  theory  is  available.  In  one  class  of  theories  (Kuhn 
and  Kuhn  (1945,  1946),  Cerf  (1959))  the  def ormability  of 
the  molecule  is  taken  into  account  by  means  of  the  notion  of 
'inner  viscosity'.  Only  the  theory  of  Cerf  (1959)  leads  to 
correct  predictions  about  the  influence  of  deformation  on 
the  limiting  sheardependence  of  the  extinction  angle  measured 
in  a  streaming  birefringence  experiment.  This  leads  one  to 


.  ■  .  >  '■  ■  ’ 

. 


100 


expect  that  his  theory  of  the  sheardependence,  which  utilizes 
the  same  notion  of  inner  viscosity,  would  be  preferable  to 
that  of  Kuhn  and  Kuhn,  which  uses  the  rather  unsuitable  crl- 
terion  of  Dtan/Drad  -  1. 

Another  class  of  theories  is  due  to  Peterlin  and 
Copick.  These  authors  regard  the  effect  of  deformation  as 
a  change  in  the  hydrodynamic  interaction  within  the  molecule, 
which  leads,  as  they  show,  directly  to  the  sheardependence 
of  the  intrinsic  viscosity,  Sheardependence  is  therefore 
influenced  by  the  def ormability  of  the  molecule,  but  this 
is  primarily  a  hydrodynamic  effect.  The  following  objection 
may  be  raised  to  this  picture  of  sheardependence.  Flory 
(19^9)  and  Kurata,  Stockmayer  and  Roig  (i960)  account  for 
the  intrinsic  viscosity  on  the  basis  of  the  excluded  volume. 
Flory  and  Fox  (1951)  also  show  that  if  the  molecular  weight 
of  the  polymer  is  larger  than  50,000  the  molecule  will  trap 
practically  all  of  the  solvent  with  which  it  is  associated. 

By  extension,  one  can  also  regard  the  equivalent  ellipsoid 
of  Kurata  _et  _al.  (i960)  as  impenetrable  to  solvent  flow 
(Yamakama  and  Kurata  ( 1958) ) .  It  is  therefore  difficult  to 
imagine  that  hydrodynamic  interaction  of  segments  within 
the  molecule,  which  according  to  the  thermodynamic  theories 
of  the  intrinsic  viscosity  does  not  play  a  dominant  part  in 
determining  the  intrinsic  viscosity,  would  become  the  deci¬ 
sive  factor  in  the  limiting  sheardependence. 

The  third  class  of  theories,  due  to  Takemura  (1958) 
and  Pao  (1962),  have  been  dealt  with  previously.  Their  va- 
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lidity  is  probably  restricted  to  very  low  shear  stresses. 

With  the  aid  of  a  rheological  equation  of  state,, 
another  model  is  proposed  in  this  thesis.  Our  picture  of 
the  sheardependence  is  essentially  that  in  flow  the  mole¬ 
cule  is  deformed  into  an  ellipsoid.  This  deformation  imparts 
a  certain  amount  of  strain  energy  to  the  molecule,,  which  can 
be  regarded  as  a  stored  energy  in  flow.  We  have  already 
shown  that  this  notion  is  consistent  in  as  far  as  the  ob¬ 
servation  of  the  effects  of  'inner  viscosity'  in  streaming 
birefringence  is  concerned.  We  derive  a  formula  which  is 
essentially  the  same  as  Cerf's  (1959).  One  can,  however, 
infer  that,  because  the  deformation  is  opposed  by  the  con¬ 
figurational  entropy,  the  inner  viscosity  term  will  always 
be  proportional  to  the  molecular  weight  regardless  of  the 
thermodynamic  quality  of  the  solvent.  This  result  is  veri¬ 
fied  by  the  data  of  Leray  (i960).  Since  the  molecule  is 
deformed  into  an  ellipsoid,  we  may  expect  that  the  shearde¬ 
pendence  observed  in  flow  will  be  that  of  an  ellipsoid. 

This  can  be  quantitatively  verified  by  means  of  the  Tables 
given  by  Scheraga  (1956).  As  to  the  fate  and  influence  of 
the  stored  energy  we  can  as  yet  make  no  statement,  since  we 
have  not  analysed  the  flow  behaviour  of  a  general  non- 
Newtonian  liquid  in  shear.  This  we  will  defer  to  the  next 
Chapter . 


Chapter  4 

MEASUREMENT  OF  NON-NEWTONIAN  FLOW  WITH  CAPILLARY  VISCOMETERS 


4- A  Introduction 

Many  instruments  have  been  designed  which  in  prin¬ 
ciple  are  able  to  measure  non-Newtonian  flow  properties  of 
liquids  (Barr  (l),  Umstatter  (9)  >  Oka  in  (l6)).  An  ideal 
instrument  would  measure  both  the  shear  stress  and  the  shear 
rate  in  flow,  but  such  an  instrument  does  not  exist.  For¬ 
tunately  in  most  instruments  either  the  shear  stress  or 
the  shear  rate  remains  constant  while  the  other  varies,  so 
that  both  are  known. 

For  a  complete  specification  of  all  the  flow  pro¬ 
perties  of  a  non-Newtonian  liquid  it  is  necessary  to  mea¬ 
sure,  at  a  constant  shear  rate,  say,  all  the  resultant 
stresses  required  to  maintain  this  particular  constant  shear 
rate  In  the  liquid.  An  instrument  capable  of  allowing  one 
to  make  such  measurements  is  called  a  rheogoniometer ,  and 
is  the  preferred  instrument  for  measurements  on  non-Newtonian 
liquids.  The  most  commonly  used  rheogoniometer  is  the 
Weissenberg  rheogoniometer,  an  instrument  which  enables  one 
to  measure  the  normal  stresses  at  constant  shear  rate 
(Joblin  and  Roberts  in  (15)).  Unfortunately  it  is  not  a 
convenient  instrument  for  measurements  on  liquids  of  low  vis¬ 
cosity,  which  do  not  support  their  own  weight.  In  a  Weis¬ 
senberg  rheogoniometer  the  test  sample  is  held  between  a 
cone  and  a  plate  in  a  manner  which  assures  the  constancy  of 
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the  shear  rate  throughout  the  body  of  the  sample  (Mooney 
( 1934) ) .  With  a  mobile  liquid  a  solid  wall  or  other  constraint 
has  to  be  provided  to  contain  the  liquid  between  the  cone 
and  plate.  This  may  introduce  spurious  edge  effects  into  the 
measurements  (Jobling  and  Roberts  (loc.  cit.)).  Moreover, 
the  measurements  with  low  viscosity  liquids  must  be  carried 
out  at  rather  high  speeds  in  order  to  obtain  measurable 
effects;  this  makes  the  centering  of  the  cone  on  the  plate 
and  the  levelling  of  the  plate  itself  difficult  and  exceed¬ 
ingly  critical,,  if  the  instrument  is  not  to  act  as  a  pump 
and  hence  disturb  the  stress  measurements  completely.  The 
Weissenberg  rheogoniometer  is  therefore  not  used  in  studies 
on  low  viscosity  liquids. 

For  our  study  of  non-Newtonian  flow  we  were  there¬ 
fore  restricted  to  classical  instruments  such  as  the  capil¬ 
lary  viscometer,  the  rotating  cylinder  viscometer  (of  the 
Couette  type,  say)  or  the  cone  and  plate  viscometer  (Mooney 
(  1934)).  In  a  capillary  viscometer  the  measurement  is 
carried  out  at  constant  shear  stress,  in  a  Couette  instru¬ 
ment  at  constant  torque,  and  in  a  cone  and  plate  apparatus 
at  constant  shear  rate.  The  simplest  of  these  three  instru¬ 
ments  by  far  is  the  capillary  viscometer. 

Since  we  had  a  series  of  variable-low-shear  vis¬ 
cometers  available,  and  since  it  can  be  shown  that  these 
instruments  do  give  an  accurate  measure  of  the  shear  visco¬ 
sity,  we  have  used  capillary  viscometers  throughout  this 
investigation . 
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We  will  now  discuss  the  theory  of  the  flow  of  a 
non-Newtonian  liquid  through  a  capillary  tube. 

4-B  Flow  through  a  capillary  -  the  Poiseuille  equation 

The  formula  describing  the  flow  of  a  Newtonian 

liquid  through  a  capillary  was  first  empirically  deduced  by 

Poiseuille.  He  found  that  the  coefficient  of  viscosity  can 

be  calculated  from  the  equation  (subsequently  named  after 

him) :  V/t:  volume  rate  of  flow 

4 

T)  =  t  R:  radius  of  the  capillary 

L:  length  of  the  capillary 

hgd:  driving  pressure;  h:  hydrostatic  head 

(4-1) 

It  is  now  well  known  (Barr  (l))  that  this  equation  can  be 
deduced  from  the  following  assumptions: 

(i)  the  flow  is  everywhere  parallel  to  the  axis 
of  the  tube; 

(ii)  the  flow  is  steady,,  initial  disturbances  due 
to  accelerations  from  rest  having  been  damped  out; 

(iii)  there  is  no  slip  at  the  walls  of  the  capillary,, 
i.e.  the  fluid  in  contact  with  the  wall  is  at  rest; 

(iv)  the  fluid  is  incompressible;  and 

(v)  the  fluid  will  flow  when  subjected  to  the 
smallest  shearing  force,,  the  viscous  resistance  being  propor¬ 
tional  to  the  velocity  gradient. 

As  is  evident  from  the  assumptions,,  the  fact  that 
the  liquid  acquires  a  kinetic  energy  in  flow  is  ignored. 
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Correction  for  this  effect  can  readily  be  made  by  subtracting 
from  the  total  energy  supplied  to  the  liquid  the  amount  of 
energy  required  to  impart  the  kinetic  energy  to  the  liquid. 
With  this  correction,  the  Poiseuille  equation  can  be  written 


4 

ttR  hgd  ^  mvd  1  m:  kinetic  energy 

8VL  ”  8ttL  t  constant  of  order 

1.00 


(4-2) 


From  this  equation  it  follows  that  by  a  suitable  choice  of 
apparatus  dimensions  the  kinetic  energy  term  can  be  made 
arbitrarily  small. 

Another  correction  arises  from  the  so-called  ’end- 
effect'.  The  liquid  on  entering  the  capillary  acquires 
there  a  certain  velocity  and  must  be  supposed  to  be  flowing 
in  a  converging  stream  from  the  wider  supply  vessel.  It 
can  be  shown  that  the  effect  of  the  resistance  in  the  con¬ 
verging  stream- lines  may  be  expressed  in  terms  of  a  hypothe¬ 
tical  addition  to  the  length  of  the  capillary,  which  addition 
is  proportional  to  the  radius  of  the  capillary  (Barr  (loc. 
cit.  page  20)).  The  value  of  the  constant  of  proportionali¬ 
ty  is  of  the  order  of  0.80.  The  final  form  of  the  Poiseuille 
equation  for  the  flow  of  a  Newtonian  liquid  corrected  for 
the  kinetic  energy  effect  and  the  entrance  or  'end'  effect 
is : 


7rR^hgd  +.  mdV  1 

11  ~  b V  (  L+nR )  L  "  8tt(  L+nR)  t 


(^-3) 


(For  a  fuller  discussion  of  these  corrections  see  Cragg  and 
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van  Oene  ( 1961) ) . 

Since  the  fluid  in  contact  with  the  wall  is  at  rest 
and  the  velocity  of  the  liquid  is  greatest  in  the  center  of 
the  capillary,  the  velocity  gradient  will  not  be  constant. 

The  velocity  gradient  will  be  maximal  at  the  wall  and  nil  in 
the  center  of  the  capillary.  Hence  for  a  non-Newtonian  li¬ 
quid  the  Poiseuille  equation  needs  an  additional  correction, 
to  take  into  account  the  fact  that  the  viscosity  is  a  func¬ 
tion  of  the  velocity  gradient.  This  correction  can  be  de¬ 
rived  very  generally,  without  exact  knowledge  of  the  func¬ 
tional  dependence  of  the  viscosity  on  the  shear  stress  or 
velocity  gradient.  For  its  derivation  see  van  Oene  and 
Cragg  (1962).  Since  we  are  mainly  interested  in  relative 
flow  times,  this  correction  can  be  expressed  as: 


•nr  =  n/n0 


\  -1 


t  :  relative  flow 
r  ,  .  n  , 


time  calc*  by 
means  of  eqn. 
(4-3) 


pR/2Ls  maximum  shear  stress  ^  ^ 

Similar  equations  were  used  by  Tuynman  (  1956  )  and  Peterlin 
and  Copick  ( 1956) . 

The  corrections  described  above,  although  labor¬ 
ious  to  calculate,  are  exact.  Hence  it  is  in  principle 
possible  to  obtain  an  accurate  measurement  of  the  coefficient 
of  viscosity  with  the  aid  of  capillary  viscometers. 

Two  questions  still  remain.  The  first  is  this: 
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Is  rectilinear  flow.,  or  streamline  flow,  at  all  possible  In 
a  general  liquid  flowing  in  a  capillary?  For  suspensions 
the  question  can  be  rephrased  as:  do  the  particles  follow 
the  streamlines  in  flow,  or  do  they  follow  spiral  paths? 
Criminale  e_t  _al.  (1957)  were  able  to  show  that,  for  all 
shapes  of  tubes,  rectilinear  motion  will  not  be  possible  un¬ 
less  : 


T22  T33 

T12'q 


a  constant 


(4-5) 


where  T0^  and  T^  ane  normal  stresses  and  is  the  shear 

stress.  We  see  that  this  condition  is  always  fulfilled  for 
a  Weissenberg  liquid  (T^.-,  =  T^)  •  It  is  also  fulfilled  for 
the  class  of  steady  flows  discussed  by  Noll  (1955)  (Ericksen 
in  (17)).  It  seems  very  probable  that  rectilinear  flow  will 
always  be  possible  in  circular  tubes,  but  not  in  elliptic 
or  square  tubes.  These  results  of  Ericksen  are  very  en¬ 
couraging  since  they  show  that  even  for  rather  general  li¬ 
quids  the  flow  in  a  capillary  viscometer  is  not  complicated 
by  normal  stresses  in  the  liquid. 

The  second  question  pertains  to  the  recoverable 
shear,  or  the  stored  elastic  energy,  in  flow.  For  its  ef¬ 
fect  on  the  measurements  we  will  consider  the  energy  balance 
for  the  flow  of  a  visco-elastic  liquid  through  a  capillary, 
following  Phillipoff  and  Gaskins  (1958)-  The  total  energy 
available  will 


(i)  sustain  the  flow  through  the  capillary, 
(ii)  impart  a  kinetic  energy  to  the  liquid,  and 
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(ill)  be  stored  as  elastic  energy. 

Hence  Phillipoff  and  Gaskins  write: 

V 

o  Q:  -r:  volume  rate  of  flow 

PtQ  =  PCQ  +  mdv^Q,  +  E 

PT:  total  stress 

Pc:  equilibrium  stress  inside  the  capillary 

p 

mdv  Q:  kinetic  energy;  m:  mass  of  the  liquid 

d:  density;  v:  velocity;  E:  elastic  energy 

(4-6) 

Division  by  Q,  leads  to: 

PT  =  Pc  +  mdv2  +  (4-7) 

Phillipoff  and  Gaskins  now  identify  the  term  E/Q,  which  has 
the  dimensions  of  an  elastic  energy  per  unit  volume  (ergs/ 

o 

crru)  but  which  can  also  be  regarded  as  an  elastic  stress 

p 

(dynes/cm1  ),  with  (P^q)]^  the  mean  normal  stress  at  the  ra¬ 
dius  of  the  capillary.  With  the  aid  of  equation.  (3-31) 
and  dW/d  1.2=0.,  this  can  be  expressed  in  terms  of  the  reco¬ 
verable  shear  s  as: 

(p.Jp  =  E/Q,  =  t  s^  s-o :  recoverable  shear  at 

11 R  7  cr  r  R  radlus  R 

Vr  =  pcRR/2L 
2 

The  kinetic  energy  term  mdv  is  of  course  always  calculable. 
The  total  stress  appearing  in  equation  (4-7)  is  only  a  fic¬ 
titious  reference  parameter,  which  will  be  written  as: 

Pf  ~  tt  (^-9) 

Hence  the  only  quantity  which  still  needs  specification  is 
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the  equilibrium  stress  Inside  the  capillary. 

0 

with  pT  It  Is  given  by  the  expression: 

„  2L 

Pc  R  1 cR 


By  analogy 


(4-10) 


Incorporation  of  the  ’end-correction*  into  this  formula  gives 


2(L  +  nR) 

P  =  — 5 - -L  T  0 

^c  R  cR 


(4-11) 


Substitution  in  equation  (4-7)  results  in: 


P 


T 


-  (  2(L  +  nR) 


R 


+  SR  xcR  +  mdv 


4-12) 


Hence  for  the  total  stress.,  corrected  for  the  kinetic  energy 

2 

(i.e.  (Prp  -  mdv  )  =  p  j  ),  the  following  expression  is 

cor r  o 


obtained 


P 


corr . 


cR 


+  2n  +  s^ 


(4-13) 


It  is  therefore  possible  to  obtain  from  a  capillary  flow  ex¬ 
periment  a  value  for  the  recoverable  shear  by  plotting,,  at 
constant  shear  rate,  the  corrected  shear  stress  vs  the  ratio 
L/R.  Of  course  measurements  have  to  be  performed  in  more 
than  one  viscometer. 

Metzner  and  White  ( 1962)  made  a  similar  analysis 


and  obtained  the  slightly  different  result 

p  =  tr  +  2n  +  —5  ^ 

Fcorr.  R  V  R  P  / 


(4-14) 


where  (3  is  equal  to  -4-9 ~~  ,  k  is  the  exponent  appearing  in 

jjK+l 

k 

the  relationship  t  =  aq  ,  which  is  often  observed  to  be 
valid  but  is  very  hard  to  justify  theoretically. 

Equation  (4-13)  was  proven  to  be  valid  by  Phillipoff 
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and  Gaskins.  These  authors  measured  the  recoverable  shear 
in  an  independent  experiment.  The  recoverable  shear  was 
found  to  be  equal  to  zero  for  Newtonian  liquids,,  of  the  or¬ 
der  of  unity  for  most  polymer  solutions ,  but  of  the  order 
of  10  -  100  for  highly  viscoelastic  liquids  such  as  .molten 
polyethylene.  It  is  therefore  clear  that  in  a  viscometer 
with  an  L/R  ratio  greater  than  100  the  effect  of  the  reco¬ 
verable  shear  will  in  most  instances  be  negligible.  The 

viscometers  used  in  our  investigation  have  an  L/R  ratio  of 
R  R 

1.2  x  10  and  2  x  10';  hence  no  effect  of  the  recoverable 
shear  would  be  noticeable. 

From  the  analysis  it  may  be  concluded  that  capil¬ 
lary  viscometers  do  indeed  measure  shear  viscosities,  even 
if  the  flow  behaviour  of  the  liquid  is  non-Newtonian.  In 
the  calculation  of  these  viscosities  the  following  correc¬ 
tions  should  be  applied: 

(i)  the  kinetic  energy  correction  (eqn.  (4-3)) 

(ii)  correction  in  t^  because  of  non-Newtonian 
flow  (eqn .  ( 4-4) ) 

(iii)  the  correction  for  recoverable  shear  which, 

as  follows  from  our  discussion,  is  negligible 
in  low-shear  viscometers. 


. 
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Comparison  of  the  Shear  dependence  of  the  Intrinsic  viscosity  according  to  the 
theories  indicated  and  a  rigid  ellipsoid  with  axial  ratio  three. 
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Figure  6 


Chapter  5 

RESULTS  AND  DISCUSSION 


5- A  Introduction 

The  predictions  of  the  various  theories  proposed 
for  the  sheardependence  of  the  intrinsic  viscosity  of  defor¬ 
mable  molecules  are  depicted  in  Figure  6.  Most  convenient 

for  this  purpose  is  a  plot  of  the  dimensionless  quantities 

Mh]0  M[ri ]  r] 

—  T]Qq  .  The  quantity  — ^ -  q  can 

be  regarded  either  as  a  reduced  shear  rate  when  written  as 

mCt^o 

q/D or  as  a  reduced  stress  when  written  as  — t,  where 

is  the  rotational  diffusion  coefficient.  In  such 

a  ’reduced1  representation  the  theories  of  Peterlin  and 
Copick  (1956).,  of  Ikeda  (1957)  and  those  of  Takemura  (1958) 
and  Pao  (1962)  predict  a  unique  curve  regardless  of  the  mole 
cular  weight  or  intrinsic  viscosity  of  the  polymer  molecule. 
The  theory  of  Cerf  (1959);  however,  does  not  predict  a  uni¬ 
que  curve;  witness  the  two  plots  labelled  Cerf  I  and  Cerf  II 
These  plots  were  calculated  from  equation  (3-^2),  where  we 
have  used  the  eigenvalues  of  Zimm,  Roe  and  Epstein  (1956) 

o 

and  have  taken  7  to  be  equal  to  1.1  x  10~  ,  the  value  Cerf 
determined  from  the  streaming  birefringence  data  of  Leray 
(i960).  The  parameter  7  should  be  characteristic  of  the 
particular  polymer  type  only.  The  molecular  weight  and  in¬ 
trinsic  viscosity  were  chosen  so  as  to  correspond  to  the 
values  obtained,  in  our  experimental  investigation,  for  the 


RT 

^^0 


log 


h  3 

[R] 


0 


and  log 
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fraction  in  benzene  at  20°C  (curve  Cerf  I)  and  for  frac¬ 
tion  F^A^A-.  in  benzene  at  25°C  (curve  Cerf  II).  By  coinci¬ 
dence,  curve  Cerf  II  should  also  be  valid  for  fraction  T,- 

5 

in  cyclohexane  at  35°C*  if  the  effect  of  the  inner  viscosity 
were  the  same  in  a  Theta-solvent  as  in  benzene.  It  is  clear 
from  Figure  6  that  the  Cerf  theory  does  not  predict  a  unique 
curve  in  the  reduced  representation  chosen. 

Cerf  (1959)  concluded,,  from  an  analysis  of  Golub1  s 
(1955^  1956)  data  on  the  sheardependence  of  solutions  in 
benzene  of  fractions  of  polyisoprene ,  that  no  reduced  curve 
was  obtained  if  [t)]/[t)]q  was  plotted  versus  — ^ —  q  .  Our 

own  data  obtained  with  solutions  in  benzene  and  toluene  of 
fractions  of  polystyrene  do  not  allow  such  a  reduced  repre¬ 
sentation  either.  Hence  at  the  outset  we  may  disregard  the 
theories  of  Peterlin  and  Copick,  Ikeda„  Takemura„  and  Pao 
as  being  inconsistent  with  the  experimental  findings.  We 
will  therefore  limit  the  subsequent  discussion  to  a  compa¬ 
rison  of  the  predictions  of  the  theory  of  Cerf  (1959)  and 
those  made  on  the  basis  of  the  model  for  sheardependence 
proposed  in  this  thesis. 

The  implications  of  our  model  may  be  summarised  as 

follows : 

(i)  In  shear  the  molecule  is  deformed  into  an  el¬ 
lipsoid.  Therefore  at  least  part  of  the  sheardependence 
observed  should  be  due  to  the  orientation  of  an  ellipsoid. 

(ii)  In  flow  some  energy  is  stored  as  strain  ener- 
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gy.  In  Chapter  3  we  have  already  shown  that  this  assumption 
is  consistent  with  the  streaming  birefringence  data  of 
Leray  (i960).  The  consequences  for  the  sheardependence  re¬ 
main  still  to  be  discussed. 

We  will  now  discuss  the  evidence  for  these  two  as¬ 
sumptions  in  turn. 

5-B  Evidence  that  the  sheardependence  is  in  part  due  to 
the  orientation  of  an  ellipsoid 

From  the  theory  of  the  sheardependence  of  rigid 
ellipsoids  it  follows  that  a  plot  of  [t|]/[t)]q  vs  l/^rot  •> 
should  give  a  reduced  curve  whose  shape  is  determined  only 
by  the  value  of  the  axial  ratio  of  the  ellipsoid.  The 
necessary  data  for  such  a  reduced  plot  can  be  obtained  from 
the  numerical  results  of  Scheraga  (1956).  In  Figure  7  we 
have  plotted  this  function  in  logarithmic  coordinates  for 
an  ellipsoid  of  axial  ratio  three.  On  the  same  graph  we 
have  plotted  values  of  log  [t)]/[t]]q  vs  log  t,  obtained  in 
this  investigation  for  the  polystyrene  fraction  Tg,  T^ 

and  in  various  solvents  at  different  temperatures. 

(The  experimental  data  are  tabulated  in  Appendix  B.)  The 
graphs  so  obtained  were  then  shifted  horizontally  so  as  to 
coincide  with  the  reduced  curve  representing  the  shearde¬ 
pendence  of  an  ellipsoid  with  axial  ratio  three. 

It  is  seen  from  Figure  7  that  the  theoretical  re¬ 
duced  curve  fits  the  (shifted)  experimental  curve  well  within 
the  experimental  error  of  about  1 %  of  the  measurements . 


Fig .  7 


Plot  of  log  [tj]/['T|]0  versus  log  t  shifted  horizon¬ 
tally  so  as  to  coincide  with  the  reduced  curve  representing 
the  sheardependence  of  a  rigid  ellipsoid  with  axial  ratio 
three  . 


Legend: 
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Tj-  in  toluene  at  6o°C 

5 

Tr-  in  toluene  at  4o°C 

5 

T r-  in  benzene  at  20°C 

5 

Tp.  in  cyclohexane  at  35°C 
in  benzene  at  55°C 
Tj  in  benzene  at  25°C 
in  benzene  at  4o°C 
in  benzene  at  55°C 
F-^A-^A^  in  benzene  at  25°C 
]?1A1^1  in  benzene  at  4o°C 


Note:  The  data  for  in  benzene  at  4o°C  are  omitted  in 


order  to  prevent  overcrowding  of  the  figure. 
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Attention  Is  called  not  only  to  the  good  fit  ob¬ 
tained,  but  also  to  the  absence  of  polydispersity  of  shape. 
Experimental  points  for  all  fractions  in  all  solvents  fall 
equally  well  on  the  one  curve.  Such  a  result  would  be  ex¬ 
pected  if  the  stress  tensor  were  the  shape-determining  fac¬ 
tor.  Our  fractions  are  certainly  not  homogeneous  with  res¬ 
pect  to  molecular  weight;  but  if  the  shape  of  the  molecule 
is  acquired  by  deformation  into  an  ellipsoid,  then  smaller 
molecules  will  be  deformed  into  smaller  ellipsoids,  but  the 
axial  ratio  of  all  the  resulting  ellipsoids  will  be  the 
same.  Since,  in  the  representation  chosen,  the  sheardepen- 
dence  is  a  function  of  the  axial  ratio  only,  it  is  clear 
that  polydispersity  with  respect  to  molecular  weight  will 
not  show  up  in  this  plot. 

Closer  scrutiny  of  the  plot  in  Figure  7  reveals 
that  the  points  obtained  at  the  highest  'reduced'  stress 
seem  to  lie  somewhat  below  the  reduced  curve.  This  may  be 
due  to  error  in  the  calculation  of  relative  viscosities 
from  relative  flow  times.  This  calculation  has  to  be  per¬ 
formed  graphically,  and  is  hence  least  accurate  for  the  last 
point  on  the  graph.  Alternatively  it  may  be  due  to  a  fai¬ 
lure  of  the  model.  We  seem  to  obtain  the  result  that  the 
axial  ratio  of  the  deformed  ellipsoid  remains  sensibly  cons¬ 
tant  over  the  whole  range  of  shear  stresses  employed  (about 
one  and  a  half  decades)  ;  whereas  one  would  expect  that  the 
degree  of  deformation,  and  hence  also  the  axial  ratio  of  the 
deformed  ellipsoid  would  increase  with  increasing  shear 
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stress.  On  the  other  hand,  this  deformation  Is  opposed  by 
the  inner  viscosity  of  the  molecule  Itself,  which  would  make 
the  deformation  of  the  overall  shape  of  the  molecule  more 
gradual . 

In  Figure  7  experimentally  observed  behaviour  of 
polymer  molecules  in  solution  is  compared  with  the  calculated 
flow  behaviour  of  rigid  particles.  From  our  discussion  of 
the  intrinsic  viscosity  in  Chapter  2  it  follows  that  the 
agreement  is  not  inconsistent  with  the  supposed1  flexible  na¬ 
ture  of  the  polymer  molecules.  On  the  basis  of  the  theory 
of  excluded  volume  due  to  Flory  (19^9),  Yamakawa  and  Kurata 
(1958)  and  Kurata,  Stockmayer  and  Roig  (i960),  one  can  con¬ 
clude  that,  although  flexible,  the  molecule  will  be  imper¬ 
meable  to  flow  of  solvent  through  the  molecule.  It  will 
therefore  in  a  way  ’mimic'  the  flow  behaviour  of  a  rigid 
particle . 

In  conclusion,  therefore,  we  can  say  that  the 
shape  of  the  plot  of  log  [ rj  ] /[ “n  ]  ^  versus  log  t,  obtained  from 
measurements  of  the  sheardependence  of  the  intrinsic  visco¬ 
sity  of  polystyrene  fractions  in  a  variety  of  circumstances, 
is  that  which  would  be  obtained  if  the  sheardependence  were 
due  to  the  orientation  of  a  rigid  ellipsoid  with  axial  ratio 
three . 

5-C  Evidence  from  the  sheardependence  of  the  intrinsic  vis¬ 
cosity  for  the  storage  of  energy  in  flow 


The  comparison  in  Figure  7  is  defective  in  one 
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Important  aspect.  For  rigid  particles  all  the  energy  dissi¬ 
pated  in  flow  is  used  to  maintain  the  flow  and  the  average 
orientation  of  the  particle.  In  our  model  we  assume  that  in 
addition  some  of  the  stress  maintains  the  deformation  of 
the  particle.  If  part  of  the  energy  available  for  flow  is 
not  dissipated  but  stored  then  the  analysis  of  Phillipoff 
and  Gaskins  (1958)  shows  that  the  stress  which  maintains  the 
flow  through  the  capillary  is  not  the  maximum  shear  stress 
but  the  equilibrium  shear  stress  inside  the  capillary.  In 
this  connection  it  should  be  remarked  that  the  recalcula¬ 
tion  of  relative  flow  times  as  relative  viscosities  does 
not  alter  the  preceeding  statements  since  in  this  calcula¬ 
tion  it  is  also  assumed  that  all  the  energy  available  is 
dissipated  in  flow  (van  Oene  and  Cragg  (1962)).  Unfortu¬ 
nately.,  the  equilibrium  stress  cannot  be  measured  in  our 
viscometers  by  means  of  the  method  of  Phillipoff  and  Gaskins 
(1958)  since  the  ratio  L/R  is  too  large  ( cf .  Chapter  4). 
However,  by  means  of  the  reduced  plot  of  Figure  J,  we  know 
what  the  stress  would  have  been  if  all  the  energy  available 
were  dissipated  in  flow  while  maintaining  an  average  orien¬ 
tation.  Hence,  in  order  to  make  the  plot  of  log  ['nJ/C'nlQ 
versus  log  t  (which  shear  stress  is  calculated  from  Poi- 
seuille's  equation  and  also  implies  that  all  the  energy  is 
dissipated  in  flow)  comparable  to  the  corresponding  reduced 
plot  of  the  sheardependence  of  a  deformable  ellipsoid,  we 
have  to  add,  to  the  reduced  measure  of  the  stress  required 


to  sustain  the  flow  through  the  capillary  and  maintain  an 
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average  orientation  of  the  particle,  the  reduced  measure  of 
the  stress  required  to  maintain  the  deformation  of  the  mole¬ 
cule.  This  latter  reduced  measure  Is  given  by  the  recover¬ 
able  shear  ( cf .  Chapter  3)-  The  expression  for  the  reduced 
stress  becomes  therefore: 

qn, 


T 


red  D1  , 
rot 


0  +  j  q  =  T[  -2 —  +  j  H_  ] 

e  12  D’  e  riA  J 

rot  ‘0 


(5-1) 


or 


T 


red 


=  t [  —  +  0.4002t^  ^ 


rot 


p  T] 


0 


which,  on  substitution  of  the  appropriate  quantities,  gives 

M[r,]  <h^> 

- +  const  ^  ] 


rred  T^-  RT 


5-2) 


Then  the  logarithm  of  the  shift  factor 


log  t  -  log  T 


red 


(5-3) 


Is  given  by  the  expression: 

M[r|  ] 

-  log  [ 


RT 


0  ,  p,  <h0>  1 

+  CORStg  ^  -r—  J 


RT  rj 


0 


and  hence  the  reciprocal  of  the  shift  factor  itself  Is  given 
by: 


M[r)  ] 


0 


i 


RT  +  constP  rt  t] 


-I  q  ,  1 

“  =  -  ltT  +  constgK^p  ~ 


<h^>  =  KM 


(5-4) 


If  this  analysis  is  correct,  then  it  should  be  possible  to 
determine  the  molecular  weight  of  the  polymer  from  the  shift 
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factor,  for  we  can  rewrite  the  expression  for  the  shift  fac¬ 
tor  In  the  following  form: 


(shift  factor)  ^ 


M[r}]0 

~RT 


[l  +  const. 


ft  — ] 
[iIqV 


(5-5) 


Then  a  plot  of 


(shift  factor)  1 

Lh  JQ 


versus  1/t|q  should  ex¬ 


trapolate  to  the  molecular  weight  if  1  /t)  goes  to  zero,  pro¬ 
vided  the  intrinsic  viscosity  remains  constant.  Our  mea¬ 
surements  were  carried  out  in  good  solvents  in  order  to  ob¬ 
tain  as  large  a  shear  effect  as  possible.  Fortunately  in 
such  solvents  the  intrinsic  viscosity  does  not  depend  very 
much  on  temperature,  and  remains  reasonably  constant.  Hence 
the  conditions  obtain  for  a  plot  indicated  by  equation 
(5-5) .  Such  plots  are  shown  in  Figure  8,  for  the  fractions 
Tp-  and  F^r^l-5  and  in  Figure  9  for  the  fractions  and  . 
The  data  used  are  tabulated  in  Table  2.  These  plots  verify 
the  dependence  on  1  /Hq*  Tlie  extrapolated  molecular  weights 
can  be  checked  independently  by  means  of  intrinsic  visco¬ 
sity  -  molecular  weight  relationships  established  for  the 
particular  polymer  solvent  system. 

In  Table  3  are  listed  the  values  of  the  molecular 
weight  for  the  fraction  T^,  calculated  from  the  experimen¬ 
tally  obtained  value  of  the  intrinsic  viscosity  at  zero 
shear,  in  the  various  systems  used. 
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Table  2 


Shift  factors  and  the  Intrinsic  viscosity  at  zero  shear  rate 

for  fractions  TCJ  T r,  and  F,A,  A., 

5  o  7  111 


log  shift 

temp 

k]0 

solvent 

t]q  (cp)* 

( ^hift 

factor 

°C 

r  \  kJ  I  i  -L  JL  U 

Wo 

x  10 

fraction  T,-: 

5 

-  1.212 

35 

2.35 

cyclo¬ 

hexane 

0.761 

0 . 667 

0.0344 

20 

10.50 

benzene 

0 . 6487 

2.51 

0.013 

4o 

9.22 

toluene 

0.4650 

2.91 

0.083 

60 

9.14 

toluene 

0.390 

3.51 

fraction  T-: 

-  0.127 

4o 

10.30 

benzene 

0.4923 

1.89 

-  0.104 

55 

10.32 

benzene 

0.412 

2.08 

fraction  T~: 

-  0.296 

25 

8.50 

benzene 

0.6028 

1.48 

-  0.241 

4o 

8.44 

benzene 

0.4923 

1.77 

-  0.279 

fraction  F-^A 

55 

1A1 : 

8.47 

benzene 

0.412 

1.8l 

-  0.350 

25 

6.60 

benzene 

0.6028 

1.67 

-  0.273 

4o 

6.67 

benzene 

0.4923 

2.05 

*  Obtained 

from  J. 

Timmermans, 

" Physieo- 

-chemical 

constants 

-1 


of  Pure  Organic  Compounds" ,  Elsevier  Publishing 
Company  Inc.,  New  York,,  1950. 


35 

30 

25 

20 

15 

10 
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Pig.  8. 


i/n0  x  io2 

Plot  of  Y“-(shift)=1  x  10^  versus  l/r for  fractions 

T,-  and  Fn  An  An 
o  111 
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0,4 


— I - 

1  o  6 


0.8  1,2 

i/n0  x  io2 


pm  n  y 

Pig.  9*  Plot  of  (shift)  x  10  versus  1/t]q  for  fraction; 

TV  and  T, 


2.0 


2.4 


'6 


7 
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Table  3 

Molecular  weight  of  fraction  as  calculated,  from  [t)]() 


h]0 

dl/gm 

solvent 

0 

0 

M  x  10“6 

Reference 

10.52 

benzene 

20 

7.08 

Leray  (i960) 

9.22 

toluene 

40 

6.53 

Bianchi  and  Magnasco  (1959) 

9.14 

toluene 

60 

6.81 

Bianchi  and  Magnasco  (1959) 
(extrapolated  to  60°C) 

2.35 

cyclo¬ 

hexane 

35 

6.95 

Bianchi  and  Magnasco  (1959) 
(0-solvent  T  =  34°C) 

average  6.84 

6.67  from  shift  factor  for  cy¬ 
clohexane  data,  without 
inner  viscosity 

From  Figure  8  it  is  seen  that  the  plot  extrapo¬ 
lates  remarkably  well  to  the  average  value  of  the  molecular 
weight  as  listed  in  Table  3.  The  agreement  between  the 
various  molecular  weights  obtained  from  the  four  intrinsic 
viscosity  molecular  weight  relationships  used  is  also  good. 
For  the  other  fractions,  the  data  for  which  were  obtained 
in  benzene  solutions  only,  the  value  for  the  molecular  weight 
which  would  have  been  obtained  from  [t]]q  on  the  basis  of 
the  relationship  determined  by  Leray  (i960)  is  taken  as  the 
intercept.  The  Leray  (i960)  relationship  was  chosen  in  pre¬ 
ference  to  other  intrinsic  viscosity  molecular  weight  re¬ 
lationships,  since  it  was  based  on  independent  measurements 
of  the  zero  shear  intrinsic  viscosity  and  the  molecular 


3l  ■  m  "• »  i  ■ 1 

' 

' 
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weight  (by  light  scattering)  over  a  molecular  weight  range 
similar  to  the  one  encountered,  in  this  investigation.  We 
may  therefore  conclude,  from  evidence  of  Figures  8  and  9, 
that  equation  (5-5)  holds  within  the  experimental  error  of 
our  determination  of  the  shift  factor. 

One  additional  observation  requires  comment.  The 
RT  —  2. 

quantity  y^rr  (shift)"  obtained  from  the  cyclohexane  data 


C1!  ] 


0 


does  not  fall  on  the  curve  in  Figure  8,  but  has  the  value  of 
the  intercept  (see  also  Table  3,  last  line).  This  would 
mean  that  in  a  Theta- solvent  the  sheardependence  is  due  to 
orientation  only,  involving  no  contribution  of  the  'recov¬ 
erable  shear'.  This  conclusion  is  plausible;  in  a  Theta- 
solvent,  which  is  a  very  Mpoor"  solvent,  the  polymer  will 
be  least  deformable.  (On  the  other  hand,  it  may  be  that 
the  sheardependence  in  a  Theta-solvent  could  be  due  to  anis¬ 
otropic  hydrodynamic  interaction  as  postulated  by  Peterlin 
and  Copick  (1958)  and  Ikeda  (1957).  Only  the  first  term  of 
the  sheardependence  is  known,  and  the  numerical  value  of 
the  first  coefficient  is  not  very  different  from  the  value 
one  obtains  for  the  orientation  of  a  rigid  ellipsoid  with 
axial  ratio  three.  Peterlin  and  Copick's  coefficient  is 
equal  to  0.148,  and  was  evaluated  on  the  basis  of  a  Gaussian 
distribution  function,  the  coefficient  calculated  from  Kuhn 
and  Kuhn's  theory  for  an  ellipsoid  with  p  =  3  is  equal  to 
0.120.  The  near  coincidence  of  these  values  is  certainly 
unexpected . ) 

Our  experimental  data  therefore  provides  convincing 
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evidence  for  the  predictions  made  on  the  basis  of  our  model 
of  sheardependence  with  respect  to  the  shift  factor  and  the 
evaluation  of  the  molecular  weight  from  a  plot  of  j^-j( shift) 
versus  l/r The  most  striking  illustration  is  certainly 
the  plot  of  the  data  obtained  with  fraction  . 

There  remains  one  point  to  be  discussed;  the  use  of 
RT 

■■  as  the  value  of  the  rotational  diffusion  coefficient 


governing  the  sheardependence.  The  justification  for  this 
rests  on  the  observation  of  Cerf  (1959)^  who  introduces  a 
quantity  which  he  calls  1 le  temps  d 1 etablissment  de 
1 '  orientation  ’ ,  which  is  defined  by: 


[ nl o  -  C n ] 


real 


TnT, 


=  (JOT 


imag 


0 


[ 7]] rea-{:  real  part  of  the 
complex  intrinsic 
viscosity 


[r  ]  imag :  imagniary  part  of 

the  complex  intrin¬ 
sic  viscosity 


Evaluation  of  Tq  according  to  this  prescription  gives: 

H[r|]0r|0 

RT 

independent  of  the  relaxation  times  used.  If  we  were  to 
take  the  first  relaxation  time  of  Zimm  (1956)  as  the  reci¬ 
procal  of  the  rotational  diffusion  coefficient  we  would  in¬ 
stead  obtain  0.422  M[t)]t)q/RT.  Schoenberg,  Riseman  and  Eirich 
(1950),  in  their  streaming  birefringence  studies,  use  a  va¬ 
lue  of  l/D  t  equal  to  4M[ r\  ]t|q/RT .  Since  the  sheardependence 
is  governed  by  1/4  D  ^  (Kuhn  and  Kuhn  (1945a))  again  the 
value  M[t)]qT]q/RT  used  in  our  equations  would  be  obtained  for 


■  -  .-i  ■: 
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the  contribution  of  the  rotational  diffusion  coefficient  to 
the  sheardependence .  The  expressions  for  the  rotational 
diffusion  coefficient  for  rigid  ellipsoids  do  not  apply  for 
we  express  the  rotational  diffusion  coefficient  in  terms 
of  the  intrinsic  viscosity  a  property  of  the  molecule 

at  zero  shear  rate  when  it  is  in  its  undeformed  state,  and 
not  in  the  deformed  state  when  it  can  apparently  be  repre¬ 
sented  by  an  ellipsoid  with  axial  ratio  three.  We  could, 
have  proceeded  differently  by  postulating  a  numerical  coef¬ 
ficient  m  and  putting  the  rotational  diffusion  coefficient 
equal  to  mRT/M[r)] but  then  from  our  data  we  would  have 


obtained  a  value  of  m  equal  to  unity.  Hence  the  justifica¬ 
tion,  other  than  Cerf’s  treatment,  of  our  use  of  RT/M[r| 
for  the  rotational  diffusion  coefficient  remains  a  posteriori . 

We  have  stated  that  the  shape  of  the  plot  of 
log  h3/h]0  versus  log  Tred  ls  not  inHuenced  by  polydis- 
persity  with  respect  to  molecular  weight,  since  the  shape 
is  determined  by  the  deformation  only.  The  ’recoverable 
shear’  (equal  to  J ec  *  however,  depends  critically  on 

polydispersity  with  respect  to  molecular  weight.  For  a 
mixture  of  polymers  the  equilibrium  elastic  compliance  Je 
is  given  by  (Ferry  (2)  page  171): 

z  =  3 

M  :  third  moment  of  the  dis- 


J 


M  M 

2  z+1  z  1 


5 


M 


w 


pRT 


tribution  function 


M  :  weight-average  molecular 
w  weight 


•  i  ;  .  - 

. 


■ 

■ 

■ 
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This  dependence  on  the  molecular  weight  distribution  should 
be  contrasted  with  that  of  the  intrinsic  viscosity,  which 
depends  approximately  on  weight-average  molecular  weight 
(this  is  the  second  moment  of  the  distribution  function) . 


5-D  Relationship  of  the  model  for  sheardependence  proposed 
in  this  thesis  to  the  theories  of  Gerf  (1959)  and  Kuhn 

and  Kuhn  (1945,  19^6) 

The  relationship  of  the  model  for  the  sheardepen¬ 
dence  of  the  intrinsic  viscosity  to  the  theory  of  Cerf  (1959) 
is  illustrated  in  Figures  10  and  11.  In  Figure  10  we  have 


[nl  M[i)^ 

plotted  log  M-t—  versus  log  ^ — -t.  It  is  seen  that  the  pre- 

L  ^  J  0  ^  Mfn  1 


dictions  of  the  two  models  are  hardly  different  for 


W 


smaller  than  1.  This  is  gratifying  since  our  model  is  essen¬ 
tially  the  treatment  of  a  deformed  ellipsoid,  whereas  Cerf’s 
theory  treats  a  deformed  sphere.  At  low  shear  stresses 
these  models  should  coincide.  In  order  to  decide  which  of 
the  two  models  is  the  more  appropriate  in  this  range  of 
shear  stresses  the  accuracy  of  the  experiments  should  be  in¬ 
creased  at  least  ten-fold.  This  is  made  more  apparent  in 
Figure  11  where  we  have  plotted  the  intrinsic  viscosity  as 
a  function  of  the  shear  stress  together  with  the  predictions 
of  the  two  models. 


For  values  of  -  ■ ■  t  larger  than  unity  our  model 

JaI 

is  in  decidedly  better  agreement  with  the  experimental  data 
than  the  theory  of  Cerf.  It  is  interesting  that  Cerf's 
theory  predicts  a  steeper  decrease  of  the  intrinsic  viscosity. 


■ 
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Fig.  10. 


M  ml  o 

Plot  of  log  ftV'[TQ0  versus  log  — rt-  '  T 

for  fractions  Tc  in  benzene  at  20°C  and 

o 

FfAf Af  in  benzene  at  25°C  (comparison  of 

Cerf’s  theory  and  the  deformed  ellipsoid 
model ) 
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Fig.  11.  Predictions  of  the  Cerf  theory  and  the  deformed 

ellipsoid  model  for  fraction  in  benzene  at  20  C. 
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This  is  to  be  expected  since  Cerf's  theory  treats  a  deformed 
sphere .  In  our  model  the  molecule  Is  deformed  into  an  el¬ 
lipsoid,  which  as  such  has  a  much  larger  intrinsic  viscosity 
than  a  sphere.  Because  of  the  orientation  of  the  ellipsoid 
in  shear,  the  apparent  intrinsic  viscosity  decreases  again, 
but  the  overall  decrease  of  the  intrinsic  viscosity  with 
increasing  shear  stress  remains  smaller  than  in  the  deformed 
sphere  model.  Hence  our  model  can  be  regarded  as  an  exten¬ 
sion  of  the  deformed  sphere  model.  In  retrospect  this  ex¬ 
tension  has  been  accomplished  in  a  relatively  simple  manner. 
Since  we  can  treat  the  molecule  as  essentially  impermeable 
to  solvent  flow  in  the  region  of  relatively  low  shear  stresses 
the  orientation  of  the  deformed  ellipsoid  is  given  by  the 
corresponding  orientation  of  a  rigid  ellipsoid.  The  fact 
that  the  axial  ratio  of  the  deformed  ellipsoid  is  small 
leads  to  further  confidence  in  the  model.  That  the  deforma¬ 
tion  can  also  be  treated  simply,  as  though  the  problem  re¬ 
mains  ’linear1,  is  due  to  the  fact  of  our  identification  of 
the  inner  viscosity  with  the  ’recoverable  shear'.  Since 
the  flow  in  a  capillary  is  approximately  a  simple  shear,  we 
are  still  able  to  treat  the  deformation  as  linear  because 
of  the  well  known  fact  that  the  validity  of  Hooke's  law  in 
shear  extends  over  a  wider  range  of  stresses  than  for  any 
other  type  of  deformation  (extension  or  compression)  ( cf . 
Treloar  in  (12)  Chap.  5).  Phillipoff  (1962)  has  shown  that 
Hooke's  law  in  shear  holds  over  a  stress  range  of  about  five 


decades . 


* 
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It  Is  possible  to  compare  our  estimate  of  the  ef¬ 
fect  of  Inner  viscosity,  obtained  from  the  shift  factor, 
with  the  estimate  obtained  from  Leray’s  (i960)  measurements 
of  the  streaming  birefringence  in  the  following  fashion. 

As  pointed  out  in  the  last  section  of  Chapter  the  ratio 
of  the  deformation  term  and  the  orientation  term  should  be 
equal  to  D^o^/D^e^.  The  reduced  shear  stress  can  be 


written  as: 


q'ln^n  1 


1 


0VD*  ,  D-, 

rot  def  *0 


) 


Then  the  quantity  RT/[q]  x  (shift)  ^  is  given  by: 


M 


RT 


(_1__  +  1 

V  r, !  ^ 


M  r  n  1  v  T) 5  0  n  ^ 

'”L  rot  def  0 


"rot 


which,  if  =  RT/M[rj ]  becomes 


MD* 


rotvD!  , 
rot 


+  TT  "Tf~  )  =  M(1  +  i-) 

^def  *0  def 


according  to  Kuhn  and 
Kuhn  nomenclature) 


Hence  the  ratio  of  the  slope  and  the  intercept  of  the  plot 


x  (shift  factor)  1  =  M(l  +  =----5  JL)  =  M(1  +  tang 

[n]0  v  t| 


rad 


'0 


D 


rad 


D,  =  D  , 
tang  rot 


RT  1 


"lilo'o 

From  the  data  given 
by  Leray  (i960)  we  calculate  the  value  of  £)tang/'Drad  to  t>e 
equal  to  2.0  for  a  fraction  with  a  molecular  weight  equal  to 


should  be  equal  to  the  ratio  ^tang/^rad  * 
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6  o 

7x10  in  benzene  at  20  C,  which  has  to  be  compared  to  a  value 
of  2.4  calculated  from  the  ratio  of  the  slope  and  intercept 
of  the  plot  in  Figure  8  for  our  fraction  in  benzene  at 
20°C.  This  value  for  ^tang/^rad  derived  from  the  sheardepen- 
dence  measurements  is  therefore  in  good  agreement  with  the 
values  obtained  in  a  quite  independent  manner  from  streaming 
birefringence  data. 

The  relationship  of  our  model  to  the  Kuhn  and  Kuhn 

theory  can  be  stated  briefly.  Kuhn  and  Kuhn  (1945b)  took 

as  the  quantity  determining  the  sheardependence  ^^ang/^ra(^  “1- 

while  as  noted  above  we  take  it  to  be  D,  /D  ,  +1 .  The 

tang7  rad 

reason  for  the  difference  is  that  Kuhn  and  Kuhn  assumed 
that  the  elastic  energy  is  dissipated  in  flow,,  while  we  as¬ 
sume  that  it  is  stored.  The  change  in  sign  has  the  impor¬ 
tant  consequence  that  now  the  predictions  about  sheardepen¬ 
dence  turn  out  to  be  correct.  The  sheardependence  increases 
as  the  molecular  weight  increases,  the  contribution  of  the 
deformation  being  equal  to  that  of  the  orientation  at  infi¬ 
nite  molecular  weight.  The  onset  of  sheardependence  will 
be  governed  by  the  rotational  diffusion  constant,  the  in¬ 
fluence  of  the  ’inner  viscosity*  being  completely  hidden  in 
the  reduced  stress. 


5-E  Conclusion 

On  the  basis  of  the  evidence  presented  we  can  con¬ 
clude  that  the  treatment  of  the  deformed  ellipsoid  model 
proposed  in  this  thesis  provides  a  quantitative  interpreta- 
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tion  of  the  sheardependence  of  the  intrinsic  viscosity  of 
deformable  polymer  molecules.  Having  interpreted  the 
'inner  viscosity'  as  being  equivalent  to  a  'recoverable 
shear',,  resulting  in  energy  storage  during  flow,,  we  have 
shown  this  model  to  be  consistent  with  the  streaming  bire¬ 
fringence  data  of  Leray  (i960).  After  analysis  of  the 
sheardependence,  we  obtained  a  value  of  the  ratio  D 
from  our  measurements  of  sheardependence  only,  which  com¬ 
pared  favourably  with  the  independently  determined  value  of 
Leray  (loc.  cit.).  With  our  interpretation  of  'inner  vis¬ 
cosity'  we  are  able  to  propose  a  simple  modification  of  the 
theory  of  Kuhn  and  Kuhn,  which  brings  it  into  agreement  with 
experimen tal  observations . 

5-F  Suggestions  for  further  work 

I.  It  would  be  most  interesting  to  verify  whether  or 

not  the  theory  of  Peterlin  and  Copick  (1956)  applies  to 
Theta- solvents  only.  In  our  model  we  seem  to  propose  that 
there  is  no  change  in  the  shape  of  the  log  [t|]/[t)]q  versus 
log  t  curve  if  the  molecule  becomes  more  deformable.  At 
first  glance  it  would  appear  that  the  shape  of  the 
log  [ iq  ] /[ "H  ]  q  versus  log  t  plot  would  be  governed  by  the  in¬ 
herent  def ormability  of  the  polymer  backbone.  If  this  is 
the  case,  then  no  special  significance  should  be  attached 
to  the  axial  ratio  of  the  deformed  ellipsoid  obtained  with 
polystyrene.  For  stiffer  polymers  this  axial  ratio  would 
probably  be  smaller.  If  however  the  Peterlin  and  Copick 


tang//^>radJ’ 
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theory  turns  out  to  be  valid  for  all  polymer  systems  at  their 
respective  Theta  temperatures,  then  our  reduction  procedure 
would  be  valid  for  all  polymer  systems.  The  proposed  .mea¬ 
surements  would  certainly  involve  measurements  with  external 
pressures,  since  the  sheardependence  is  very  small  in  Theta- 
solvents  . 

II.  From  the  streaming  birefringence  data  of  Leray 
(i960)  it  follows  that  at  low  molecular  weights  the  contri¬ 
bution  of  the  inner  viscosity  to  the  extinction  angle  out¬ 
weighs  by  far  the  contribution  due  to  ’orientation*  as  pre¬ 
dicted  by  the  theory  of  Zimm  (1956).  It  would  therefore  be 
highly  desirable  to  measure  the  extinction  angle  for  a  low 
molecular  weight  fraction  of  polystyrene  in  a  series  of  sol¬ 
vents  of  different  viscosity,  to  ascertain  the  magnitude  of 
the  ’orientation’  factor,  which  factor  should  be  proportional 
to  the  solvent  viscosity.  Janeschitz-Kriegl  (1959)  performed 
such  measurements,  but  extrapolated  only  the  data  obtained 

in  cyclohexanone  to  zero  concentration  and  assumed  Zimm’s 
theory  to  be  valid. 

III.  Support  for  our  description  of  inner  viscosity 
can  be  obtained  from  a  study  of  the  disappearance  of  the  ex¬ 
tinction  angle  in  time  after  the  stress  has  been  removed. 

On  the  basis  of  our  model  one  would  expect  to  observe  two 
distinct  relaxation  times.  If  the  molecules  act  as  pure 
’entropy-springs’  the  strain  should  disappear  almost  instan¬ 
taneously  after  the  stress  has  been  removed,  while  the  dis¬ 
appearance  of  the  preferred  orientation  of  the  molecule 
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would  take  place  on  a  much  larger  time  scale  and  be  propor¬ 
tional  to  the  solvent  viscosity. 
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Appendix  A 

EXPERIMENTAL  PROCEDURE  AND  MATERIALS  USED 


A-l  Introduction 

In  our  investigation  we  are  interested  in  the 
limiting  sheardependence  of  the  intrinsic  viscosity.  Hence 
measurements  had  to  be  carried  out  at  very  low  shear  stresses. 
In  order  to  obtain  the  necessary  precision  of  measurement 
{l%  or  better)  we  had  earlier  designed  some  low-shear  visco¬ 
meters;  these  have  been  described  by  Gragg  and  van  Oene 
(1961).  They  are  low-shear  multibulb  Ubbelohde  viscometers, 
which  permit  dilution  within  the  viscometer  itself.  The 
viscometers  are  so  designed  as  to  eliminate  the  surface  ten¬ 
sion  correction  and  to  provide  five  precisely  reproducible 
hydrostatic  heads,  build  into  the  viscometer  itself.  This 
method  of  varying  the  shear  stress  is  preferable  to 
the  use  of  a  variable  external  pressure.  If  external  pres¬ 
sures  are  used,  a  drainage  correction  must  be  applied  in 
addition  to  the  kinetic  energy  correction.  The  drainage 
correction  is  difficult  to  evaluate  precisely  and  this 
limits  the  precision  of  the  data  greatly. 

In  order  to  obtain  large  shear  effects,  measure¬ 
ments  were  made  with  the  polymers  dissolved  in  thermodyna¬ 
mically  "good"  solvents.  In  such  a  solvent  the  intrinsic 
viscosity  is  large.  In  order  to  study  the  effect  of  temp¬ 
erature  and  the  influence  of  solvent  viscosity,  measure¬ 
ments  were  carried  out  at  several  temperatures  in  the  range 
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20°C  -  60°C.  Since  the  viscosity  is  a  sensitive  function  of 
temperature,  measurements  were  made  in  a  constant  temperature 
bath  controlled  to  0.02°C. 

A- 2  Apparatus 
Viscometers : 

The  viscometers  are  low-shear  multi-bulb  Ubbelohbe 
viscometers  and  have  been  described  by  Cragg  and  van  Oene 
(1961) .  They  were  mounted  in  stainless  steel  holders,  each 
equipped  with  a  cylindrical  pin  which  fitted  snugly  into  a 
cylindrical  slot  in  a  stainless  steel  bar  spanning  the  vis¬ 
cometer  bath.  This  insured  a  reproducible  vertical  mounting. 
Thermostat : 

The  thermostat  was  a  large  stainless  steel  aqua¬ 
rium-type  bath,  with  plate  glass  walls,  and  filled  with  dis¬ 
tilled  water.  Two  1/30  h.p,  motors  equipped  with  large 
stirring  paddles  provided  vigorous  circulation.  At  20°C  and 
25°G  a  cooling  coil  was  used  to  create  a  continuous  heat 
sink.  At  the  higher  temperatures  no  external  cooling  was 
used.  The  temperature  was  maintained  constant  by  means  of 
a  THERMISTER  TEMPERATURE  CONTROLLER  (Model  71,  Cole  Parmer), 
with  the  thermistor  probe  mounted  beside  the  viscometer. 

The  bath  was  checked  for  vertical  temperature  gradients  with 
a  Beckman  thermometer,  which  could  be  read  to  0.01°C.  No 

gradients  were  found,  within  the  limit  of  the  constancy  of 

+  o 

the  temperature  -0.02  C  as  read  on  the  same  Beckman  thermo¬ 
meter.  The  heater  was  a  "low- lag"  heating  coil.  One  such 


coil  was  used  at  25°C  and  4o°C;  two  were  used  to  maintain 
the  bath  at  55°C. 

Timers : 

The  flow  times  were  measured  with  two  numbered 
HEUER  stopwatches  (catalogue  #906).  The  one  watch  was  used 
for  bulbs  I,  III  and  V,  the  other  always  for  bulbs  II  and 
IV.  The  watches  could  be  read  to  0.03  seconds. 

A- 3  Materials  used 
Polymers : 

The  polystyrene  fractions  used  were  obtained  by 
Sones  (1952)  and  Manson  (1951).  The  fractions  T^,  T^  and 
T^  (Sones  (1952))  originated  from  a  polystyrene  sample  which 
was  prepared  by  bulk  polymerization  at  room  temperature  for 
about  two  years.  This  sample  was  subjected  to  a  three 
stage  fractionation,  the  fractions  T,-,  T^  and  T^  being  pre¬ 
cipitated  at  the  third  stage  in  the  order  stated.  The 
fraction  F-^A-^A^  was  obtained  by  Manson  (1951)  from  a  sample 
of  polystyrene  prepared  by  emulsion  polymerization  at  55°C 
(Manson  and  Cragg  (1952)).  The  fraction  F-^A-^A^  is  the 
first  fraction  obtained  from  a  refractionation  of  the  ter¬ 
tiary  fraction  F-^A^.  The  T-fractions  were  fractionated  by 
precipitation,  through  the  addition  of  a  precipitant  (a  1:1 
mixture  of  benzene  and  methanol)  .  The  fraction  F-^A^  was 
obtained  by  fractional  precipitation  by  preferential  evapo¬ 
ration  of  solvent  from  a  solution  of  the  polystyrene  in  a 
solvent-non-solvent  mixture  (Manson  and  Cragg  (1952)). 
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F  ^A-j  was  obtained  through  precipitation  by  addition  of  non¬ 
solvent  . 

Solvents : 

Benzene  (Malinckrodt,  Analytical  Reagent  grade) . 

The  benzene  was  redistilled  and  the  middle  fraction  used. 

B.P.  80.5°C  (uncorrected). 

Toluene  (Fisher,  certified  reagent  grade) .  The 
toluene  was  redistilled  and  the  middle  fraction  used. 

B.P.  110°C  (uncorrected) . 

A- 4  Experimental  procedure 
Polymer  samples: 

Since  the  fractions  were  obtained  about  ten  years 
ago  and  had  been  kept  in  screw-cap  bottles,  the  fractions 
were,  before  use,  dissolved  in  benzene  and  the  resulting  so¬ 
lutions  filtered  through  a  coarse  sintered  glass  funnel  to 
eliminate  accidental  dust  and  dirt,  which  might  have  accumu¬ 
lated.  These  fractions  were  then  recovered  by  freeze¬ 
drying  and  kept  in  dessicator  under  vacuum.  The  fractions 
had  a  fluffy  appearance  and  dissolved  readily. 

Preparation  of  solutions: 

A  weighed  amount  of  polymer  was  dissolved  at  room 
temperature  in  a  sufficient  amount  of  filtered  solvent,  con¬ 
tained  in  a  50  ml  volumetric  flast  (Exax).  The  flasks  were 
left  overnight  on  an  Eberbach  shaker  operating  at  low  speed 
to  facilitate  the  dissolution  of  the  polymer.  The  flasks 


were  then  transferred  to  a  COLORA  constant  temperature  bath, 
maintained  at  25°C.  After  temperature  equilibrium  had  been 
established  the  flasks  were  filled  to  the  mark  with  filtered 
solvent,  which  was  maintained  at  constant  temperature  in 
the  same  bath.  The  concentration  was  determined  from  the 
amount  weighed  out. 

The  solutions  used  at  higher  temperatures  were 

made  up  by  the  same  procedure.  The  correct  concentration  at 

the  higher  temperature  was  obtained  by  means  of  the  equation 

T 

_  d0  d^h  density  of  the  sol- 

CT  “  e25°C  x  ,25  vent  at  T°C. 

Q0 

Since  the  polymer  solutions  are  so  dilute,  no  error  arises 
from  the  use  of  the  density  of  the  solvent,  instead  of  the 
density  of  the  solutions  ( Sharman  (1951)). 

A- 5  Vis come try 
Dilution  of  the  solutions: 

The  dilutions  in  the  viscometer  were  carried  out 
at  all  temperatures  with  filtered  solvent,  maintained  at 
25°C,  with  volumetric  pipettes  of  EXAX  grade.  At  4o°C  and 
55°C  the  viscometer  was  taken  out  of  the  bath  and  shaken  by 
hand  to  provide  good  mixing  with  the  diluent.  Instead  of 
filling  the  bulbs  by  suction,  the  liquid  was  pushed  through 
the  capillary  by  a  stream  of  dry  nitrogen.  Before  measure¬ 
ments  were  taken  this  procedure  was  repeated  three  times  in 
order  to  insure  uniformity  of  the  concentration  within  the 
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viscometer.  The  solution  was  then  allowed  to  flow  under  Its 
own  weight  into  the  mixing  bulb.  This  procedure,  although 
more  time  consuming  than  the  usual  suction  technique,  was 
adopted  to  prevent  evaporation  of  solvent.  Also,  the  visco¬ 
meter  was  fitted  with  0aClo  drying  tubes,  to  prevent  mois¬ 
ture  from  entering  the  viscometer. 

Flow  times: 


Flow  times  were  measured  in  duplicate  or  tripli¬ 


cate.  Flow  times  were  rejected  if  they  did  not  agree  within 
0.2  seconds. 


Calibration  of  Viscometer  II-B: 

In  order  to  ascertain  the  magnitude  of  the  kinetic 
energy  correction  Viscometer  II-B  was  calibrated  again.  A 
convenient  plot  for  the  evaluation  of  the  kinetic  energy 
correction,  which  applies  to  a  multi-bulb  viscometer,  is 
given  by: 


p  =  hgd  =  driving  pressure 
Q  =  V/t 


V:  volume  of  the  bulb;  R:  radius  of  the  capillary; 

L:  length  of  capillary;  m:  kinetic  energy  constant. 

If  the  driving  pressure  p  is  known  from  the  geometry  of  the 

instrument  a  plot  of  p/Q,  versus  dQ,  should  give  the  same 

line  for  all  the  bulbs  of  the  viscometer,  since  the  slope 

/  2  4 

depends  only  on  m/i r  R  .  If  the  calibration  is  carried  out 
with  solvents  of  known  viscosity,  then  a  plot  of 


p/rjQ  vs  dQ/i] 
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yields  only  one  line  for  all  the  solvents  and  all  bulbs. 

Such  a  plot  is  shown  in  Figure  12,  for  data  obtained  in  Vis¬ 
cometer  II-B  with  pure  benzene  at  three  different  tempera¬ 
tures.  For  all  practical  purposes  we  can  therefore  take  ’m' 
to  be  a  constant.  One  should  be  aware  of  the  fact  that  ’m’ 
is  not  a  constant  at  large  flow  velocities  (Cannon,  Manning 

•X* 

and  Bell  (i960)).  From  this  calibration  we  obtain  the  fol¬ 
lowing  values  of  the  parameters  appearing  in  the  equation; 


=  3.  = 

d 


At 


B 

t 


Table  A-l 

Calibration  Constants  of  Viscometer  II-B 


L  =  28.17  cm 

R  = 

0.0255  cm 

m  =  1.07 

Bulb 

V  (cm3) 

h  ( cm) 

A  (1Q~5) 

B  (10"' 

I 

3.1424 

29.89 

5.525 

4.748 

II 

2.1009 

20.03 

5  •  540 

3.174 

III 

1.5769 

14.65 

5.405 

2.383 

IV 

0.9356 

8.83 

5.487 

1.414 

V 

0.4305 

3.82 

5.168 

0.650 

These  values  were  used  to  calculate  the  kinetic  energy  cor- 

B  1 

rection  (-  .  -^)  .  This  correction  was  applied  only  to 

the  data  obtained  at  55°C;  at  lower  temperatures  it  was  neg¬ 
ligible  . 

*  Cannon,,  M.R.,  R.E.  Manning  and  J.D.  Bell,  (i960)  Anal. 
Chem.  32,  355. 
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A- 6  Calculation  of  the  relative  viscosity  from  relative  flow 

times 

As  already  discussed  in  Chapter  4,  this  correction 
always  arises  in  the  viscometry  of  non-Newtonian  liquids. 

The  correction  was  calculated  from  the  formula: 

-1 


hr  =  \  L1  -  if 


1  dlogtr 
dlogT 


Since  a  plot  of  log  t  versus  log  t  does  not  give  a  straight 
line;  the  required  slope  has  to  be  evaluated  graphically. 

This  was  done  by  plotting  log  t  and  log  t  on  a  large-scale 
graph.  The  curves  were  drawn  visually.,  according  to  our 
best  judgement.  The  correction  is  largest  for  the  last  points 
on  the  graph,  which  unfortunately  are  also  the  least  accurate; 
since  one  has  to  guess  the  continuation  of  the  curve.  In 
all  the  tables  listed  in  Appendix  B  the  magnitude  of  this 
correction  can  be  assessed  by  comparison  of  t^  and  rj 

The  data  taken  from  Sones  (1952)  were  treated  dif¬ 
ferently  since  he  used  external  pressures  to  obtain  a  varia¬ 
ble  pressure  head.  Sones  did  not  apply  any  corrections  to 
the  experimental  flow  times.  The  correction  for  kinetic 
energy  and  drainage  can  be  effected  simultaneously  by  means  of 
a  Riobs  and  Gathers  (1949)  plot  (a  plot  of  pt  vs  l/t)  .  Since  Dewind 
_et  _al.  (1951)  have  shown  that  the  sheardependence  also  makes 
a  contribution  to  the  slope  of  such  a  plot;  one  has  to  de¬ 
vise  a  rather  roundabout  way  of  arriving  at  the  correct  mag¬ 
nitude  for  the  kinetic  energy  and  drainage  correction.  It 


should  be  noted  that  these  corrections  are  of  opposite  sign. 
The  kinetic  energy  correction  Is  subtracted,  from  the  flow 
times;  the  drainage  correction,  which  is  applied  to  take  in 
to  account  that  some  liquid,  is  left  behind,  in  the  bulb  after 
it  is  'blown  out'  by  the  applied  external  pressure,  is  added 
to  the  flow  times.  Since  Sones  conducted  some  exploratory 
studies  on  which  fractions  were  sheardependent  and  which  were 
not,  we  could  obtain  from  his  notebook  flow  times  of  non- 
sheardependent  polystyrene  solutions  obtained  with  external 
pressure.  From  these  flow  times  and  the  flow  times  of  the 
solvent  we  could  obtain  values  for  the  slope  of  a  plot  of 
pt  vs  l/t  as  a  function  of  the  viscosity  of  the  system. 

Using  Sones  calibration  constant  A,  we  then  calculated  the 
(uncorrected)  kinematic  viscosity  as  A-t  (at  free  fall  when 
no  drainage  correction  is  necessary) .  Taking  this  as  a 
measure  of  the  viscosity  we  calculated  the  kinetic  energy 
correction  and  the  drainage  correction.  It  is  seen  from 
Table  B- 5  that  the  total  correction  is  not  very  large. 

The  relative  viscosities  were  calculated  from  the  corrected 
relative  flow  times  by  the  usual  procedure. 

A-7  Evaluation  of  the  intrinsic  viscosity 

The  intrinsic  viscosity  was  evaluated  from  a  plot 
of  ri  /c  vs  c  and  Inn  vs  c,  calculated  from  the  data  ob- 

iSp/  'r 

tained  at  various  concentrations.  A  typical  plot  is  given 
in  Figure  13.  The  intrinsic  viscosity  at  zero  shear  stress 
was  obtained  from  a  plot  of  [r]]  vs  the  shear  stress.  Such 
a  plot  is  shown  in  Figure  l4„ 


t  '  '>  LV  ■_«  /i  :-£  l  '■  ■■  .  ,'f 
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Fig.  14.  Plot  of  [t)]t  versus  x  for  fraction  in 

benzene  at  40°C  (Viscometers  II-A  and  II-B) 


Appendix  B 

EXPERIMENTAL  RESULTS 

The  last  figure  of  the  numbers  listed  in  these 
tables  is  not  significant.  It  is  included,  however,  to 
avoid  rounding  off  errors  in  the  calculations  of  the  various 
corrections  and  functions. 
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Table  B-l 

Specifications  for  Viscometers  II- A  and  II-B  ( Cragg  and  van 

Oene  1958) 


Viscometer  II-A 

2 

(Shear  stress  range,  0.5-4  cynes/cm  ) 
Radius,  R,  of  capillary  0.025  cm  (precision  bore) 


Length,  L,  of  capillary 

(2  x 

.  25.0  cm) 

50.0 

cm 

Radius  of  curvature,  RQ, 

of 

hemisphere 

0.33 

cm 

Bulbs  (spherical) 

I 

II 

III 

IV 

V 

Head  h  (cm) 

m  '  Q 

20 

15 

10 

5 

2 

Volume  V  (cmr)  1 

.50 

1.12 

0.75 

0.4o 

0.30 

Plow  time  (sec)  for 
benzene  ( calc . ) 

171 

170 

171 

183 

345 

Kinetic  energy  cor¬ 
rection  (%)  (calc.)  0 

.11 

0.08 

0.06 

0.03 

0.01 

Viscometer  II-B 

2 

(Shear  stress  range,  1.5-11  dynes/cm  ) 


Radius,  R,  of  capillary 

0.025 

cm  (precision 

bore ) 

Length,  L,  or  capillary 

(2  x 

15  cm) 

30.0 

cm 

Radius  of  curvature,  R^, 

or 

hemisphere 

0.413 

cm 

Bulbs  (spherical) 

I 

II 

III 

IV 

V 

Head  h  (cm) 

30 

20 

14 

9 

4 

Volume  V  (crrm)  3 

.0 

2.0 

1.5 

0.9 

0.4 

Flow  time  (sec)  for 

benzene  (calc.)  137 

137 

137 

137 

137 

Kinetic  energy  cor¬ 
rection  {%)  (calc.)  0 

.47 

0.31 

0.24 

0 .  l4 

0.06 

L  V 


.  "  i  ' 

>  ;  ;  ■■  I  Ul 
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Calibrated 

Dimensions 

Table  B-2 

of  Viscometers  II-A 

and  II-B  (van  Oene 
1958) 

Viscometer 

II- A 

Capillary  radius 

R  =  0.0267 

cm;  Capillary  length  50.90  cm 

Bulb : 

I 

II 

III 

IV  V 

h  (cm) 

20 . 42 

15.38 

10.39 

5.23  2.17 

V  (cm3) 

1.573 

1.187 

0.794 

0.439  0.332 

A*  x  10~5 

5-025 

5.008 

5.049 

4.583  2.503 

B*  x  10~2 

0.621 

0.516 

0.101 

0.094  0.093 

Viscometer 

II-B 

Capillary  radius 

R  =  0.0255 

cm; 

Capillary 

length  28.17  cm 

Bulb : 

I 

II 

III 

IV 

V 

h  ( cm) 

29.89 

20.03 

14.65 

8.83 

3.82 

V  (cm3) 

3.142 

2.101 

1.577 

0.936 

0.430 

A*  x  10"5 

5.525 

5.540 

5.405 

5.487 

5.168 

B*  x  10“2 

0.475 

0.317 

0.238 

0.  l4l 

O.O65 

*  A  and  B  are  the  constants  in  the  equation 

B 

v  =  At  -  v:  Kinematic  viscosity 
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Table  B-3 

Solvent  Flow  Times  in  Viscometer  II-A 


Bulb 

Toluene 

T  =  60°C 

Toluene 

T  =  20°C 

Toluene 
T  =  40°C 

Benzene 

T  =  20°C 

I 

92.60 

135.44 

110.07 

147.99 

II 

92.65 

135.78 

110.31 

148.27 

III 

91.72 

134.43 

109.25 

147.20 

IV 

100.33 

147 .72 

119.41 

161.48 

V 

181.82 

269.03 

215.58 

294.78 

(Thesis  van 

Oene  1958) 

Bulb 

Benzene 

T  =  25°C 

Benzene 

T  =  40°C 

Benzene 

T  =  55°C 

I 

137.42 

114.64 

97.79 

II 

137.59 

114.79 

97.80 

III 

136.05 

113.49 

96 . 68 

IV 

148.54 

123.62 

105.36 

V 

265 . 37 

220.32 

187.52 

l6l 


Table  B-4 

Solvent  Plow  Times  in  Viscometer  II-B 


Bulb 


Toluene  Toluene  Toluene  Benzene 
T  =  60°C  T  =  20°C  T  =  40°C  T  =  20°C 


I 

84.42 

123.08 

100.29 

134.36 

II 

83.55 

122.44 

99.41 

133.78 

III 

85.38 

125.48 

101.61 

137.07 

IV 

83.60 

123.16 

99.27 

134.63 

V 

87.97 

130.83 

105.71 

142.70 

(Thesis  van  Oene  1958) 


Bulb 

Benzene 

T  -  25°C 

Benzene 

T  =  4o°C 

Benzene 
T  =  55°C 

I 

125.40 

104.85 

89.53 

II 

124.86 

104.28 

88.97 

III 

127.90 

106.72 

90.99 

IV 

125.86 

105.03 

89.41 

V 

133.58 

111.37 

94.80 
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Table  B-5 

Polystyrene  in  Cyclohexane  at  T  =  35°C  (Sones  1952) 


c 

(gm/dl) 

t 

( sec) 

t 

corr.  for 
K.E.  and 
drainage 

T) 

‘r 

r\  /c 
‘sp7 

lnTlr/' 

0.234 

84.14 

83.75 

1.7287 

3.114 

2.339 

59.01 

58.76 

1.7195 

3.075 

2.316 

45.39 

45.15 

1.7047 

3.011 

2.279 

38.23 

37.99 

1.7043 

3.010 

2.278 

33.07 

32.83 

1.6888 

2.944 

2.239 

0.156 

69.70 

69.47 

1.4371 

2.802 

2.325 

49.10 

48.86 

1.4328 

2  .774 

2.305 

37.89 

37.65 

1.4246 

2.722 

2.269 

31.99 

31.75 

1.4274 

2.740 

2.281 

27.64 

27 .41 

1.4131 

2 . 648 

2.216 

0.117 

63.40 

63.17 

1.3080 

2.632 

2.295 

44.74 

44.51 

1.3065 

2.620 

2.285 

34.52 

34.29 

1.2986 

2.552 

2.233 

29.15 

28.92 

1.3014 

2.576 

2.252 

25.20 

24.97 

1.2884 

2.465 

2 .  l66 

0.0585 

55.41 

55.19 

1.1434 

2.451 

2.291 

39.17 

38.95 

1.1439 

2.460 

2.298 

30.30 

30.08 

1.1398 

2.390 

2.237 

25 . 60 

25.38 

1.1428 

2.441 

2.282 

23.23 

23.01 

- 

- 

- 

T 

n 

( dyne  s / cm  ) 

22.83 

30.44 

38.05 

45.66 

53.27 

t0 

(corr.  for 
K.E.  and 
drainage) 

48.27 

34.05 

26.39 

1 — 1 

OJ 

CVJ 

OJ 

19.37 

h] 

2.327 

2.300 

2.304 

2.275 

2.253 
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Table  B-6 

Polystyrene  In  Benzene  at  T  =  20°C  in  Viscometer  II-A 


c 

( gm/dl ) 

t 

( sec) 

tr 

V 

T]  /c 
'sp7 

lnrlr/ c 

0.0638 

255.71 

1.7279 

1.7135 

11.183 

8.44o 

258.68 

1.7447 

1.7345 

11.512 

8.632 

258.59 

1.7567 

1.7488 

11.737 

8.760 

286.58 

1.7747 

1.7701 

12.070 

8.950 

0.0479 

225.90 

1.5265 

1.5153 

10.757 

8.676 

228.05 

1.5381 

1.5301 

11.067 

8.879 

227.71 

1.5469 

1.5415 

11.305 

9.033 

252.00 

1.5606 

1.5585 

11.660 

9.263 

0.0383 

208.94 

1.4119 

1.4050 

10.574 

8.877 

210.64 

1.4209 

1.4154 

10.846 

9.070 

210.18 

1.4279 

1.4236 

11.060 

9.222 

232.42 

1.4393 

1.4379 

11.433 

9.483 

0.0319 

198.10 

1.3386 

1.3327 

10.430 

9.003 

199.61 

1.3463 

1.3417 

10.7H 

9.213 

198.87 

1.3510 

1.3478 

10.903 

94  357 

219.37 

1.3585 

1.3571 

11.194 

9.570 

Bulb : 

I 

II 

III 

V 

T 

2 

(dynes/cm  ) 

4.62 

3.48 

2.35 

1.18 

[4] 

9.62 

9.79 

9.98 

10.30 

.  ’  V  <w 

t ' 

. 
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Table  B-7 


Polystyrene 


In  Benzene  at  T 


20°C  In  Viscometer  II-B 


c 

(gm/dl) 

t 

( sec ) 

tr 

O.0638 

223.48 

227.05 

235.66 

235.62 

253.44 

1 . 6633 

1.6972 

1.7193 

1.7501 

1.7760 

0.0479 

198.81 

201.34 

208.44 

207.68 

222.88 

1.4797 

1.5050 

1.5207 

1.5426 

1.5619 

0.0383 

185.18 
186.80 

193.18 
192.03 
205.99 

1.3782 

1.3963 

1.4094 

1.4264 

1.4435 

0.0319 

175.85 

177.25 

183.05 

181.56 

194.48 

1.3088 

1.3249 

1.3354 

1.3486 

1.3629 

Bulb : 

I 

II 

T 

0 

( dyne  s  /  cm1' ) 

11.43 

7.62 

[4] 

8.62 

9.10 

% 

T1  /C 
'sp7 

1.6417 

10.058 

7.769 

1.6781 

10.628 

8.114 

1.7029 

11.017 

8.343 

1.7398 

11.596 

8.751 

1.7696 

12.063 

8.945 

1.4642 

9.691 

7.960 

1.4911 

10.252 

8.340 

1.5086 

10.618 

8.584 

1.5346 

11.160 

8.941 

1.5582 

11.653 

9.259 

1.3673 

9.590 

8.167 

1.3860 

10.078 

8.522 

1.4011 

10.472 

8.8o4 

1.4208 

10.987 

9.170 

1.4401 

11.491 

9.522 

1.2984 

9.354 

8.185 

1.3155 

9.890 

8.596 

1.3283 

10.291 

8.900 

1 . 3440 

10.784 

9.266 

1.3602 

11.291 

9.643 

III 

IV 

V 

5.62 

3.42 

1.49 

9.48 

9.86 

10.30 

1.65 


Table  33-8 


Polystyrene 


In  Toluene  at  T  =  4o°C  In  Viscometer  II-A 


c 

(gm/dl) 

t 

(sec) 

t 

r 

T[  /c 
'sp7 

lnT)r/< 

0.0696 

190.58 

1.7314 

1.7179 

10.314 

7.774 

192.15 

1 .7419 

1.7323 

10.521 

7.908 

191.81 

1.7557 

1.7504 

10.782 

8.044 

211.34 

1.7699 

1.7646 

10.986 

8.164 

0.0522 

167.94 

1.5258 

1.5166 

9.896 

7.981 

169.20 

1.5339 

1.5274 

10.103 

8.107 

168.74 

1.5445 

1.5409 

10.362 

8.283 

185.58 

1.5541 

1.5505 

10.546 

8.402 

0.04l8 

155.10 

1.4091 

1.4020 

9.617 

8.084 

156.15 

1.4156 

1.4099 

9.806 

8.220 

155.67 

1.4249 

1.4215 

10.084 

8.4l6 

171.13 

1.4331 

1.4296 

10.277 

8.550 

0.0348 

147.16 

1.3370 

1.3316 

9.529 

8.169 

147.98 

1.3415 

1.3375 

9.698 

8.345 

147.20 

1.3474 

1 . 3447 

9.905 

8.517 

161.71 

1.3542 

1.3515 

10.100 

8.652 

Bulb : 

1 

11 

hi 

IV 

T 

2 

(dynes/cm  ) 

4.451 

3.355 

2.269 

1.135 

h] 

8.558 

8.750 

8.979 

9.135 
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Table  B-9 

Polystyrene  T,.  In  Toluene  at  T  =  4o°C  in  Viscometer  II-B 


c 

( gm/dl ) 

t 

( sec) 

t 

r 

ri 

*r 

'Up/0 

l™lr/ 

0.0696 

166.62 

1.6614 

1.6378 

9.164 

7.090 

168.82 

1.6982 

I.6787 

9.751 

7.447 

174.81 

1.7204 

1.7046 

10.123 

7.665 

173.37 

1.7458 

1.7362 

10.521 

7.908 

183.01 

1.7646 

1.7593 

10.909 

8.113 

0.0522 

147.89 

1.4746 

1.4554 

8.724 

7.185 

149.30 

1.5019 

1.4875 

9.339 

7.603 

154.20 

1.5176 

1.5062 

9.697 

7.843 

152.48 

1.5360 

1.5295 

10 . l44 

8 .  l4o 

160.80 

1.5505 

1.5469 

10.477 

8.358 

0.04l8 

137.30 

1.3690 

1.3546 

8.483 

7.268 

138.33 

1.3915 

1.3804 

9.100 

7.713 

142.51 

1.4025 

1.3938 

9.421 

7.950 

l4o . 65 

1.4168 

l .4111 

9.835 

8.237 

148.13 

1.4283 

1.4246 

10.158 

8.457 

0.0348 

130.63 

1.3025 

1.2910 

8.362 

7.339 

131.18 

1.3196 

1.3106 

8.925 

7.767 

135.06 

1.3292 

1.3223 

9.261 

8.020 

133.10 

1.3408 

1.3368 

9.678 

8.345 

140.10 

1.3509 

1.3482 

10.006 

8.580 

c 


Bulb  : 

I 

II 

hi 

IV 

V 

T 

2 

( dyne  s / cm  ) 

11.024 

7.346 

5.419 

3.296 

1.438 

[i'll 

7.563 

8.093 

8.375 

8.750 

9.020 

Table  B-10 
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Polystyrene  T^ 


In  Toluene,  at  T  =  60°C  In  Viscometer  II-A 


c 

(gm/dl) 

t 

( sec ) 

t 

r 

0.0594 

145.12 

1.5672 

146.23 

1.5783 

145.62 

1.5877 

160.38 

1.5985 

0.0446 

131.23 

1.4172 

131.98 

1.4245 

131.45 

1.4332 

144.53 

1.4405 

0.0356 

122.88 

1.3270 

123.55 

1.3353 

122.92 

1.3402 

135.08 

1.3440 

0.0297 

117.66 

1.2706 

118.19 

1.2757 

117.39 

1.2799 

128.95 

1.2853 

4r 

ri  /c 
'sp7 

iHIp/' 

1.5573 

9.382 

7.458 

1.5717 

9.625 

7.612 

1.5845 

9 .84o 

7.749 

1.5982 

10.071 

7.896 

1.4090 

9.170 

7.686 

1.4185 

9.383 

7.837 

1.4303 

9.648 

8.025 

1.4402 

9.870 

8.I78 

1.3212 

9.022 

7.821 

1.3290 

9.241 

7.986 

1.3375 

9.480 

8.168 

1.3437 

9.654 

8.298 

1.2650 

8.923 

7.916 

1.2714 

9.138 

8.085 

1.2773 

9.337 

8.244 

1.2850 

9.596 

8.448 

Bulb : 

1 

11 

hi 

IV 

T 

2 

(dynes/cm  ) 

4.35 

3.28 

2.22 

1 — 1 

1 — 1 

1 — 1 

h] 

8.371 

8.552 

8.758 

8.967 
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Table  B-ll 


Polystyrene 


In  Toluene  at  T  =  6o°C  In  Viscometer  II-B 


c 

(gm/dl) 

t 

( sec) 

t 

r 

V 

4Sp/c 

lnr)r/c 

0 , 0594 

128.16 

1.5181 

1.4968 

8.364 

6.794 

129.24 

1.5469 

1.5308 

8.936 

7.169 

133.63 

1.5651 

1.5526 

9.303 

7.407 

132.43 

1.5841 

1.5778 

9.727 

7.679 

140.14 

1.5930 

1.5920 

9 . 966 

7.828 

0.0446 

116.21 

1.3766 

1.3609 

8.092 

6.910 

116.91 

1.3992 

1.3869 

8.675 

7.336 

120.41 

1.4103 

1.4004 

8.978 

7.551 

119.18 

1.4256 

1.4199 

9.415 

7.859 

126.39 

1.4353 

1.4344 

9.740 

8.089 

0.0356 

109.32 

1.2950 

1.2841 

7.980 

7.027 

109.73 

1.3133 

1.3046 

8.556 

7.467 

112.93 

1.3227 

1.3158 

8.871 

7.705 

111.44 

1.3333 

1.3286 

9.230 

7.976 

118.15 

1.3431 

1.3423 

9.615 

8.270 

0.0297 

104.95 

1.2432 

1.2328 

7.838 

7.045 

105.08 

1.2577 

1.2494 

8.397 

7.496 

108.ll 

1.2662 

1.2596 

8.741 

7.770 

106.60 

1.2751 

1.2709 

9.121 

8.071 

112.80 

1.2822 

1.28l4 

9.475 

8.351 

Bulb : 

I 

II 

III 

IV 

V 

T 

p 

( dyne  s/cm  ) 

10.78 

7.18 

5.30 

3.22 

1 .406 

[4] 

7.322 

7.852 

8.136 

8.448 

8.892 

' 

C^T',  > 

• 
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Table  B-12 

Polystyrene  in  Benzene  at  T  =  4o°C  in  Viscometer  II- A 


c 

( gm/dl ) 

t 

( sec) 

t 

r 

V 

ri  /c 
‘sp7 

lnr|r/ c 

0.07571 

221.74 

224.00 

223.22 

245.07 

1.9342 

1.9514 

1.9669 

1.9824 

1.9183 

1.9398 

1.9594 

1.9807* 

12.129 

12.413 

12.672 

12.953* 

8 . 6o4 
8.752 
8.884 
9.026* 

O.05678 

190.96 

192.68 

191.74 

210.29 

l . 6657 
1.6785 
1.6895 

1 .7011* 

1.6558 

1.6716 

1.6839 

1.7000* 

11.550 

11.828 

12.045 

12.328* 

8.882 

9.049 

9.177 

9.345* 

0.04542 

174.09 

175.24 

174.17 

190.58 

1.5186 

1.5266 

1.5347 

1.5416* 

1.5095 

1.5198 

1.5303 

1.5408* 

11.217 

11.444 

11.675 

11.907* 

9 . 0  66 
9.216 
9.368 
9.578* 

0.03245 

155.49 

156.36 

155.08 

I69.6O 

1.3563 

1.3621 

1.3665 

1.3719* 

1.3509 

1.3584 

1.3642 

1.3713* 

10.813 

11.045 

11.223 

11.442* 

9.270 

9.439 

9.572 

9.729* 

*  Averaged  with  bulb  V  of  viscometer  II-B. 


Bulb : 

I 

II 

III 

IV 

log  T 

0.65350 

0.5308 

0.36097 

0.05994 

[4] 

9.767 

9.933 

10.088 

. 

! 


170 


Table  B-13 

Polystyrene  in  Benzene  at  T  =  4o°C  in  Viscometer  II-B 


c 

(gm/dl) 

t 

( sec) 

t 

r 

4r 

r\  /c 
‘sp7 

lrn^/c 

0.07571 

193.49 

197.57 

205.18 

205.36 

220.45 

1.8454 

1.8946 

1.9226 

1.9553 

1.9794 

1.8126 

1.8692 

1.9030 

1.9436 

1.9760* 

10.733 

11.481 

11.927 

12.463 

12.891* 

7.856 

8.262 

8.498 

8.777 

8.996* 

0.05678 

168.29 

171.05 

177.23 

176.77 

189.34 

1.6051 

1.6403 

1.6607 

1.6830 

1.7001 

1.5806 

1.6218 

1.6473 

1.6761 

1.6981* 

10.225 

10.951 

11.400 

11.907 

12.295* 

8.063 

8.515 

8.790 

9.096 

9.325* 

0.04542 

154.11 

156.05 

161.27 

160.56 

171.90 

1.4698 

1.4964 

1.5111 

1.5287 

1.5435 

1.4525 

1.4826 

1.5000 

1.5218 

1.54l8* 

9.962 

10.625 

11.008 

11.488 

11.928* 

8.219 

8.670 

8.928 

9.245 

9.531* 

0.03245 

138.80 

139.94 

144.33 

143.12 

153.11 

1.3238 

1.3420 

1.3524 

1.3626 

1.3749 

1.3117 

1.3317 

1.3453 

1.3590 

1.3738* 

9.605 

10.222 

10.641 

11.063 

11.519* 

8.360 

8.826 

9 .  l4o 
9.451 
9.787* 

*  Averaged 

with  bulb 

IV  of  viscometer  II- 

-A. 

Bulb: 

I 

II 

III 

IV 

V 

log  T 

1.04766 

0.87116 

0.73902 

0.52310 

0.16286 

[4] 

8.743 

9.257 

9.609 

9.953 

10.316 

Table  B-l4 
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Polystyrene  Tg  in  Benzene  at  T  =  55°C  in  Viscometer  II-A 


c 

(gm/dl) 

t 

( sec) 

t 

r 

ri 

‘r 

■n  /c 
‘sp7 

lnr)r/< 

O.O8915 

208.22 

210.16 

209.27 

229.64 

2.1292 

2.1489 

2.1646 

2.1796 

2.1121 

2.1379 

2.1564 

2.1746 

12.474 

12.764 

12.971 

13.175 

8.387 

8.523 

8.619 

8.713 

0 . 06686 

175.93 

177.38 

176.47 

193.61 

1.7990 

1.8137 

1.8253 

1.8376 

1.7872 

1.8o47 

1.8184 

1.8350 

11.774 

12.035 

12 . 240 
12.489 

8.684 

8.830 

8.942 

9.079 

0. 053^9 

158.35 

159.56 

158.64 

173.86 

1.6193 

1.6315 

1.6409 

1.6501 

1.6106 

1.6245 

1.6355 

1.6488 

11.415 

11.675 

11.881 

12.129 

8.910 

9.071 

9.196 

9.348 

0.03821 

138.98 

139.74 

138.55 

151.93 

1.4212 

1.4288 

1.4331 

1.4420 

1.4l62 

1.4248 

1.4298 

1.4420 

10.892 

11.117 

11.248 

11.567 

9.107 

9.264 

9.356 

9.579 

Bulb : 

I 

II 

III 

IV 

log  T 

0.645127 

0.52244 

0.35257 

0.051538 

[4] 

9.71 

9.92 

10.09 

10.32 
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Table  B-15 

Polystyrene  in  Benzene  at  T  =  55°C  in  Viscometer  II-B 


c 

(gm/dl) 

t 

( sec) 

t 

corr.  for 

K.E. 

t 

r 

corr . 

r\ 

*r 

■n  /c 
‘sp7 

0.08195 

181.04 

180 . 57 

2.0387 

2.0076 

11.302 

185.OO 

184.69 

2.0909 

2.0649 

11.945 

192.00 

191.77 

2.1188 

2.0984 

12.321 

192.06 

191.93 

2.1536 

2.1427 

12.818 

205.76 

205.70 

2.1728 

2.1663 

13.082 

0 . 06686 

154.43 

153.87 

1.7373 

1.7165 

10.716 

156.88 

156.52 

1.7720 

1.7541 

11.279 

162.77 

162.50 

1.7954 

1.7806 

11.675 

162.45 

162.29 

1.8210 

1.8119 

12.1,43 

174.01 

173.94 

1.8373 

1.8320 

12.444 

0.05349 

139.92 

139.31 

1.5729 

1.5573 

10.419 

l4l . 67 

141.27 

1.5993 

1.5877 

10.987 

146.62 

146.32 

1 . 6166 

1.6065 

11.338 

145.96 

145.78 

1.6358 

1.6288 

11.755 

156.32 

156.24 

1.6504 

1.6477 

12.109 

0.03821 

123.74 

123.05 

1.3893 

1.3742 

9.793 

125.40 

124.94 

1.4145 

1.4046 

10.589 

128.89 

128.55 

1.4203 

1.4143 

10.843 

127.98 

127  .78 

1.4338 

1.4298 

11.248 

136.75 

136 . 66 

1.4435 

1.4423 

11.575 

Bulb  : 

I 

II 

III 

IV 

V 

T 

2 

(dynes/cm  ) 

10.94-5 

7.292 

5.379 

3.272 

1 . 427 

[4] 

8 . 680 

9.32 

9 . 66 

9.96 

10.31 
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Table  B-l6 


Polystyrene 


In  Benzene  at  T  =  25°C  In  Viscometer  II-A 


c 

(gm/dl) 

t 

( sec) 

t 

r 

^r 

'Isp/0 

lnTir/ 

0.06604 

229.21 

230.98 

229.58 

253.14 

1.6652 

1.6747 

I.6767 

1.6867 

1 . 6574 
1.6693 
1.6733 
1.6841 

9.954 

10.135 

10.195 

10.359 

7.659 

7.759 

7.795 

7.916 

0.05192 

207.51 
208.82 
207 . 37 

227.89 

1.5075 

1.5140 

1.5145 

1.5184 

1.5016 

1.5093 

1.5118 

1.5169 

9.661 

9.809 

9.857 

9.956 

7.829 

7.927 

7.960 

8.026 

0.04292 

194.35 

195.48 

194.09 

213.13 

1.4119 

1.4173 

1.4175 

1.4201 

1.4071 

1.4130 

1.4155 

1.4190 

9.485 

9.622 

9.681 

9.762 

7.957 

8.054 

8.096 

8.152 

0.03164 

178.29 

179.24 

177.69 

195.10 

1.2952 

1.2966 

1.2978 

1.3000 

1.2911 

1.2960 

1 . 2965 

1.2995 

9.200 

9.355 

9.371 

9.456 

8.075 

8.195 

8.208 

8.271 

Bulb : 

1 

11 

in 

IV 

T 

2 

(dynes/cm  ) 

[*n  ] 

4.585 

3.457 

2.360 

1.170 

8.55 

8.63 

8.67 

8.70 

Table  B-17 
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Polystyrene 

:  In 

Benzene  at 

T  =  25°C 

In  Viscometer  II-B 

c 

t 

t 

r 

■n  /c 
•sp' 

lnT)r/c 

(gm/dl) 

( sec) 

0.06604 

203.10 

1.6196 

1.5983 

9.060 

7.100 

205.58 

1 . 6464 

1.6322 

9.573 

7.418 

212.07 

1.6581 

1.6477 

9.808 

7.562 

210.57 

1.6730 

1 . 6676 

10.109 

7  .744 

224.70 

1.6821 

1.6794 

10.288 

7.850 

0.05283 

185.97 

1.4830 

1.4701 

8.898 

7.293 

187.81 

1 . 5042 

1.4944 

9.358 

7.604 

193.61 

1.5138 

1.5065 

9.587 

7.757 

191.93 

1.5249 

1.5196 

9.835 

7.920 

205.03 

1.5349 

1.5326 

10.081 

8.082 

0.04403 

174.93 

1.3954 

1.3841 

8.723 

7.381 

176.31 

1.4.121 

1.4045 

9.187 

7.715 

181.62 

1.4200 

1.4148 

9.421 

7.881 

179.79 

1.4285 

1.4241 

9.632 

8.029 

191.59 

1.4343 

1.4327 

9.827 

8.167 

0.03302 

161.75 

1.2898 

1.2821 

8.543 

7.550 

162.67 

1.3028 

1.2982 

9.031 

7.904 

167 . 31 

1.3081 

1.3042 

9.212 

8.044 

165.54 

1.3153 

1.3116 

9.437 

8.213 

176.38 

1.3204 

1.3190 

9.661 

8.383 

Bulb :  I 

II 

III 

IV 

V 

T  0  11.36 

(dynes/cm  ) 

7.568 

5.583 

3.396 

1.481 

[n  ]  7-95 

8.27 

8.42 

8.63 

8.75 

:  ) 
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Table  B-l8 


Polystyrene  T^. 


In  Benzene  at  T  =  4o°C  In  Viscometer  II-A 


c 

( gm/dl ) 

t 

( sec) 

t 

r 

4r 

T]  /c 
'sp7 

lnTlr/' 

0.08799 

217.21 

218.56 

216.90 

237.40 

1 . 8947 
1.9040 
1.9112 
1.9204 

1.8857 

1.8979 

1.9078 

1.9189 

10.066 

10.204 

10 . 317 

10.443 

7.209 
7.281 
7.341 
7 .4o6 

0.06599 

187.79 

188.81 

187.81 

204.69 

1.6381 
1 . 6448 

1 . 6509 
1 . 6558 

1.6318 

1 . 6407 

1 . 6484 
1.6548 

9.574 

9.709 

9.826 

9.923 

7.421 

7-503 

7.574 

7.633 

0.05279 

171.53 

172.34 

170.83 

186.59 

1.4962 

1.5013 

1.5052 

1.5094 

1.4913 

1.4980 

1.5034 

1.5086 

9.307 

9.434 

9.536 

9.634 

7.570 

7.655 

7.723 

7.789 

0.03771 

153.82 

154.47 

152.98 

167.30 

1.34l8 
1.3457 
1 . 3480 
1.3533 

1.3384 

1.3434 

1.3464 

1.3527 

8.974 

9.106 

9.186 

9.353 

7.730 

7 . 828 
7.886 
8.011 

Bulb  : 

I 

II 

III 

IV 

T 

2 

(dyne s/cm  ) 

4 

.503 

3.395  2 

.296 

1.148 

[4] 

8 

.120 

8.231  8 

.295 

8.435 
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Table  B-19 


Polystyrene  Tr^,  In  Benzene  at  T  =  40°C  in  Viscometer  II-B 


c 

(gm/dl) 

t 

( sec) 

t 

r 

■nr 

T)  /c 
'sp7 

lnrir/< 

O.O8799 

192.14 

1.8325 

1.8058 

9.158 

6.717 

194.70 

1.8671 

1.8508 

9 . 669 

6.996 

201.12 

1.8845 

1.8727 

9.918 

7.130 

199.58 

1.9002 

1.8941 

10.161 

7.259 

213.16 

1.9140 

1.9125 

10 . 370 

7.369 

0.06999 

167.20 

1.5946 

1.5783 

8.763 

6.915 

168.95 

1.6201 

1.6069 

9.197 

7.187 

174 . 31 

1.6333 

1.6242 

9.459 

7.349 

172.71 

1.6445 

1 . 64o4 

9.704 

7.500 

184.17 

1.6537 

1.6527 

9.891 

7.613 

0.05279 

153.16 

l . 4607 

1.4459 

8.447 

6.984 

154.54 

1 . 4820 

1.4708 

8.918 

7.308 

159.13 

1.4911 

1.4844 

9.176 

7.482 

157.62 

1.5007 

1.4974 

9.422 

7.647 

168.03 

1.5087 

1.5079 

9.621 

7.780 

0.03771 

138.22 

1.3183 

1.3103 

8.228 

7.165 

138.80 

1.3310 

l .  324-5 

8.605 

7.452 

14-2.86 

1.3386 

1.3342 

8.862 

7.645 

l4i .30 

1.3456 

1 . 3430 

9.096 

7.820 

150.60 

1.3522 

1.3516 

9.324 

7.990 

Bulb  : 

1 

11 

hi 

IV 

V 

T 

2 

( dyne  s /cm  ) 

11.157 

7.433 

5.483 

3.335 

1.455 

[t*3 

7.473 

7.787 

8.021 

8.238 

8.439 
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Table  B-20 


Polystyrene  In  Benzene  at  T  =  55°C  in  Viscometer  II-A 


c 

(gm/dl) 

t 

( sec) 

t 

r 

ri 

'r 

r\  /c 
'sp7 

lnr)r/c 

O.09658 

193.^9 

1.9854 

1.9779 

10.125 

7.062 

194.34 

1.9905 

1.9847 

10.196 

7.097 

192.58 

1.9944 

1.9922 

10.273 

7.136 

210.26 

2.0027* 

2.0027* 

10.382* 

7.191* 

0.07243 

166 . 6l 

1.7089 

1.7034 

9.7H 

7.354 

167.32 

1.7134 

1.7098 

9.800 

7.405 

165 . 67 

1.7155 

1.7148 

9.869 

7.446 

180.91 

1.7210* 

1.7210* 

9.954* 

7.495* 

0.05795 

150.92 

1.5475 

1.5424 

9.360 

7.478 

151.60 

1.5522 

1.5490 

9.474 

7.536 

150.10 

1.5541 

1.5531 

9.544 

7.597 

163.88 

1 . 5554* 

1.5587* 

9.64i* 

7.659* 

0.04139 

134.28 

1.3762 

1.3728 

9.007 

7.655 

134.74 

1.3791 

1.3777 

9.125 

7.741 

133.39 

l . 3808 

1.3808 

9.200 

7.794 

145.53 

1.3813* 

1.3839* 

9.275* 

7.850 

*  Averaged 

with  flow 

time  of  bulb  V  of  Viscometer 

II-B . 

Bulb : 

1 

II 

III 

IV 

T 

p 

( dynes/cm  ) 

4.417 

3.330 

2.252 

1.126 

h] 

8.145 

8.321 

8.380 

8.470 

Table  B-21 


Polystyrene  T^. 


In  Benzene  at  T  =  55°C  In  Viscometer  II-B 


c 

( gm/dl ) 

t 

( sec) 

t 

corr 

K.E . 

t 

r 

corr 

T)  /c 
lsp/ 

O.O9658 

172.33 

171.82 

1.9400 

1.9125 

9.448 

174.41 

174.08 

1.9708 

1.9546 

9.884 

180.10 

179.86 

1.9872 

1.9763 

10.109 

178.63 

190.34 

178.49 

190.27 

2.0028 

2.0098 

1.9970 

10.323 

0.07243 

148.86 

1.48.02 

1.6712 

1.6505 

8.980 

150.20 

149 . 82 

I.6961 

1.6813 

9.4o6 

154.85 

154.57 

1.7078 

1.6983 

9.641 

153.52 

163.35 

153.35 

163.27 

1.7207 

1.7246 

1.7171 

9.900 

0.05795 

135.39 

134.76 

1.5215 

1.5058 

8.728 

136.42 

136.00 

1.5397 

1.5284 

9.118 

l4o .47 

l4o . 15 

1.5485 

1.5416 

9-346 

139.06 

147.96 

138.87 

1.47.87 

1.5583 

1.5620 

1.5551 

9.579 

0.04139 

120.99 

120.28 

1.3580 

1.3476 

8.398 

121.54 

121.06 

1.3706 

1.3625 

8.758 

124.88 

124.53 

1.3759 

1.3707 

8.956 

123.50 

131.36. 

123.39 

131.26 

1.3845 

1.3865 

1.3831 

9.256 

Note:  The 

values  for 

ri  obtained  In  bulb 

V  were 

averaged 

with 

the  bulb 

IV  values 

obtained  in  viscometer  Tl-A 

and 

are  listed 

under  viscometer  II- 

• A . 

Bulb 

I 

II 

III 

IV 

V 

T 

2 

(dynes/cm  ) 

10.945 

7.292 

5.379 

3.272 

1.427 
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Table  B-22 


Polystyrene  in  Benzene  at  T  =  25°C  In  Viscometer  II-B 


c 

( gm/dl ) 

t 

( sec) 

t 

r 

■nr 

T)  /C 

'sp7 

iH'Hp/ C 

0.1070 

227.80 

1.8166 

1.8016 

7.491 

5.502 

230.17 

1.8434 

1.8295 

7.752 

5.645 

237.63 

1.8579 

1.8475 

7.920 

5.736 

235.76 

1.8732 

1.8654 

8.088 

5.827 

252.52 

1.8904 

1.8853 

8.274 

5.926 

0.08025 

198.45 

1.5825 

1.5718 

7.125 

5.635 

199.97 

1.6015 

1.5918 

7.374 

5.793 

206.02 

1 . 6108 

1.6042 

7.529 

5.889 

203.99 

1.6208 

1.6163 

7.680 

5.982 

217.50 

1.6282 

1.6251 

7.789 

6.051 

0.0642 

182.06 

1.4518 

1.4436 

6.910 

5.718 

183.16 

1 .4669 

1.4597 

7.160 

5.891 

188.47 

1.4736 

1.4687 

7.300 

5.987 

186.45 

1.4-81 4 

1.4779 

7.444 

6.084 

199.30 

1.4920 

1.4895 

7.625 

6 . 206 

0.04586 

164.42 

1.3112 

1.3049 

6.648 

5.802 

165.OO 

1.3215 

1.3166 

6.904 

5.996 

169.5^ 

1.3255 

1.3191 

6.958 

6.038 

167.56 

1.3313 

1 . 3289 

7.172 

6.199 

179.07 

1.3405 

1.3390 

7 . 392 

6.365 

Bulb 

1 

11 

III 

IV 

V 

log  T 

1.05538 

0.87898 

0.74687 

0.53097 

0.17055 

[n] 

6.03 

6 . 26 

6.37 

6.47 

6 . 60 

l80 


Table  B-23 


Polystyrene  P-jA.^A^ 

In  Benzene 

at  T  =  40 

°C  In  Viscometer  II-B 

C- 

(gm/dl) 

t 

( sec) 

t 

r 

■n 

•r 

•n  /c 
‘sp7 

l™lr/c 

0 . 1047 

189.76 

1.8098 

1.7906 

7.551 

5-564 

191.57 

1.8371 

1.8215 

7.846 

5.727 

197.73 

1.8528 

1.8437 

8.058 

5.843 

195.87 

1.8649 

1.8598 

8.212 

5.926 

209.23 

1.8787 

1.8766 

8.372 

6.012 

0.07851 

165.75 

1.5808 

1.5712 

7.275 

5.755 

166.85 

1 . 6000 

1.5907 

7.524 

5.912 

171.83 

1.6101 

1.6038 

7.691 

6.017 

170.20 

1.6205 

1 . 6l64 

7.851 

6.116 

181.65 

1.6310 

1.6294 

8.017 

6.218 

0.06281 

152.09 

1.4505 

1.4417 

7.032 

5.813 

152.76 

1 . 4649 

1.4572 

7.279 

5.994 

157.23 

1.4733 

1.468.1 

7.453 

6.113 

155.33 

.1 . 48o8 

1.4778 

7.607 

6.218 

165 » 66 

1.4875 

1.4864 

7.744 

6.310 

0.04486 

137.15 

1.3080 

1.3011 

6.712 

5.867 

137.50 

1.3186 

1.3128 

6.973 

6.067 

141.35 

l . 3245 

1.3211 

7.157 

6.207 

139.61 

1.3292 

1 . 3275 

7.300 

6.315 

148 . 44 

1 . 3328 

1.3323 

7 .407 

6.396 

0.03140 

126.87 

1.2100 

1.2050 

6.529 

5.939 

127.01 

1.2180 

1.2143 

6.825 

6.184 

130.13 

1.2193 

1.2176 

6.911 

6.254 

128.65 

1.2249 

1.2233 

7.111 

6.419 

136.90 

1.2292 

1.2287 

7.283 

6.559 

Bulb 

I. 

II 

III 

IV' 

V 

T 

0 

11.1.6 

7.433 

5.483 

3.335 

1.455 

(dynes/cm  ) 

[■n] 

6.058 

6.355 

6.470 

6.625 

6.757 

Appendix  C 

A'  ARDEPENDENCE  OF  THE  REDUCED  VISCOSITY- 
CONCENTRATION  SLOPE  CONSTANT 


The  paper  "Shear  dependence  of  the  reduced  viscosity- 
concentration  slope  constant"  is  included  in  this  thesis  to 
provide  additional  evidence  for  the  assumption  that  the  in¬ 
fluence  of  the  inner  viscosity  only  affects  the  equilibrium 
stress  in  the  capillary.  The  result,  demonstrated  in  the 
above  quoted  paper,  can  be  summarised  as  follows;  If  the  re¬ 
duced  viscosity  Rgp/0  evaluated  at  constant  stress,  then 

it  is  found  that  r\  /c  has  the  same  sheardependence  as  the 

r)  /c 

intrinsic  viscosity  [ rj  ]  or,  as  stated  in  the  paper,  ( — 

is  a  constant  independent  of  the  stress#  This  relationship 

does  not  hold  if  the  reduced  viscosity  is  evaluated  at  cons- 

USD/C 

tant  shear  rate:  )„  is  observed  to  decrease  as  the 

'  v  [*n  ]  '  d 


shear  rate  increases.  In  the  paper  quoted,  this  is  attri¬ 
buted  to  the  fact  that  some  energy  is  dissipated  in  the  dis¬ 
entanglement  of  the  polymer  molecules  in  flow.  Formally 
such  a  process  does  not  contribute  to  the  energy  dissipated 
to  sustain  the  flow  through  the  capillary  but,  since  it  in¬ 
volves  energy  dissipation,  it  does  not  affect  the  stored 
energy  in  flow.  Since  the  position  of  a  plot  of  log  [rj ]/[!}] Q 
versus  log  t  relative  to  the  reduced  curve,  which  represents 
the  energy  dissipation  in  flow  if  it  were  used  only  to  main¬ 
tain  the  flow  and  the  orientation  of  a  rigid  ellipsoid,  is 
determined  by  the  stored  energy  only  one  should  therefore 
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find  that  (TlSp/c)T  has  the  same  sheardependence  as  the  In¬ 
trinsic  viscosity.  If  It  Is  evaluated  at  constant  stress. 
This  also  explains  the  fact  that  Leray  (i960)  found  the  'In¬ 
ner  viscosity'  term  to  he  Independent  of  the  concentration. 
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Shear  .Dependence  of  the  Reduced  Viscosity- 
Concentration  Slope  Constant 

11.  N  AN  OENK  and  I..  11.  OU.VGG,  Department  of  Chemistry,  University 
of  Alberta,  Ud  monton,  Alberta,  Canada. 


In  dilute  solutions  of  high  polymers,  the  relation  between  the  reduced 
viscosity  and  concentration  may  usually  be  represented  by  the  linear 
equation 


(1) 


Vsp/c  =  [y]  +  o2c 


When  the  polymer  molecular  weight  is  not  too  high  and  the  solution  is  suf¬ 
ficiently  dilute,  the  polymer  molecules  may  be  considered  as  separate  enti¬ 
ties  and  the  coefficient  o2  is  found1  to  be  proportional  to  [?j]2.  The  propor¬ 
tionality  constant  is  usually  designated  k'  following  Huggins.2  Thus  eq. 
(1)  takes  the  familiar  form 


Vsv/c  =  [y]  +  k'[y]2C 


(2) 


In  such  solutions  the  concentration  dependence  should  indeed  depend  on 
interaction  between  pairs  of  molecules  and  so  be  proportional  to  the  square 
of  the  effective  hydrodynamic  specific  volume,  \y  |.  The  coefficient  k'  takes 
into  account  the  difference  in  hydrodynamic  interaction  due  to  variations 
in  shape  or  rigidity  of  the  polymer  coil.3 

In  more  concentrated  solutions  one  would  expect  the  interaction  and 
hence  k'  as  usually  evaluated  to  be  influenced  by  entanglement  or  inter¬ 
twining  of  molecules.  It  will  be  convenient  to  use  the  symbol  k'  to  repre¬ 
sent  the  empirical  slope  constant,  obtained  by  dividing  the  slope  a2  by  [77 ]2, 
and  to  use  /q  for  that  part  of  k'  that  is  due  to  hydrodynamic  interaction 
only. 

Dilute  solutions  of  polymers  of  low  or  medium  molecular  weight  are  New¬ 
tonian  liquids:  [17],  the  slope  a2,  and  the  slope  constant  k'  are  all  inde¬ 
pendent  of  shear.  In  these  solutions  k'  is  merely  the  hydrodynamic  interac¬ 
tion  constant  /q  and  therefore  can  be  replaced  by  the  hydrodynamic 
interaction  constant  ki.  As  predicted  by  theory,4’5  /q  has  been  shown  to 
depend  on  the  nature  of  the  polymer,  on  the  microstructure  of  the  polymer 
molecules  (the  kind  and  degree  of  branching,  for  example),  and  on  the 
“goodness”  of  the  solvent  for  the  polymer.6-9 

On  the  other  hand,  dilute  solutions  of  very  high  polymers  are  non-New¬ 
tonian.  The  solution  viscosity  y  is  a  function  of  the  shear  rate  (or  stress), 
and,  with  very  flexible  polymers,  so  is  the  intrinsic  viscosity  [77].  The  shear 
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dependence  of  f q]  may  be  attributed  to  deformation  and  orientation  of  the 
polymer  molecules;  the  shear  dependence  of  q  is  due  to  these  factors  and, 
at  finite  concentrations,  to  disentanglement  of  entangled  molecules.  The 
reduced  viscosity  is  likewise  shear-dependent.  This  dependence  is  due,  at 
least  in  part,  to  the  effect  of  shear  on  [17]  [see  eq.  (2)],  but  one  would  also 
expect  a  shear  dependence  of  the  slope  constant 7c'  with  flexible  polymers. 
The  hydrodynamic  interaction  constant  Aq  (which  constitutes  part  or  all 
of  k')  has  been  shown  to  depend  on  the  degree  of  rigidity  of  the  molecules.5 
In  the  flowing  liquid,  the  molecule  of  a  flexible  high  polymer  is  in  the  form 
of  a  flexible  “coil.”  As  the  shear  stress  is  increased,  the  coil  will  become 
more  and  more  asymmetrical  through  deformation  and,  being  under  ten¬ 
sion,  more  and  more  rigid.  Hence  /,■]  should  increase  with  shear  stress  or 
shear  rate.  If  the  molecules  are  large  enough  and  are  close  enough  in  solu¬ 
tion  to  suffer  entanglement,  an  increase  in  shear  should  decrease  the  degree 
of  entanglement;  and  this  effect  should  manifest  itself  in  the  concentration 
term  of  eq.  (2). 

Peter10  has  considered  the  effect  of  such  entanglement  on  the  shear  de¬ 
pendence  of  viscosity  for  the  case  where  entanglement  is  the  only  factor 
contributing  to  shear  dependence.  He  derives  an  equation  of  the  form 

q  =  qo  —  ac9D  (3) 

where  D  is  the  shear  rate  and  a  is  a  proportionality  constant.  Since  the 
effect  of  entanglement  appears  as  a  second-order  concentration  term  in  the 
viscosity  equation,  it  will  appear  as  a  first-order  term  in  the  reduced  vis¬ 
cosity-concentration  equation  (and  hence  will  not  affect  the  linearity  of 
the  plot  of  qsp/ c  versus  c) .  If  we  make  the  not  unreasonable  assumption  that 
in  dilute  solutions  this  effect  also  will  be  proportional  to  [77 ]2,  we  may  write 
for  the  slope  a2  the  following  expression : 

a2  =  (ft,  -  bD)[v]a  (4) 

where  the  empirical  slope  constant  k'  is  now  equal  to  /q  —  bD.  If,  then, 
the  effect  of  entanglement  is  negligible,  we  would  expect  k'  to  increase  with 
increasing  shear  (because  hi  would) ;  if,  however,  the  effect  of  entanglement 
is  significant,  the  empirical  slope  constant  might  be  constant  or  even  de¬ 
crease  with  increasing  shear. 

The  question  now  is,  what  actually  does  happen  to  k'  when  the  shear 
stress  (or  rate)  in  the  flowing  liquid  is  increased.  To  answer  this  question, 
viscosity  measurements  of  the  required  precision  were  made  with  dilute 
solutions  of  a  very  high  molecular  weight  fraction  of  polystyrene  in  toluene 
(a  very  good  solvent  for  polystyrene)  at  three  different  temperatures  20, 
40,  and  60°C.  over  a  20-fold  range  of  shear  stresses. 

EXPERIMENTAL 

Materials 

The  polystyrene  used  was  a  tertiary  fraction,  T5,  of  molecular  weight 
approximately  10  X  10"  (for  further  description  see  Sharman  et,  hi.11). 
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Tlu'  toluene  (Steel  Company  of  Canada)  was  nitration  grade,  dried  over 
sodium.  V  middle  fraction  of  constant  refract ive  index,  obtained  by  slow 
distillation  through  a  d-ft.  column  packed  with  glass  helices,  was  used 
(nf,  =  1.-1922). 


Viscometry 

The  flow  times  of  solutions  and  pure  solvent  were  measured  in  two  modi- 
ti('d  Ibbelohde  viscometers  each  with  live  bulbs  to  provide  for  live  different 
built-in  shear  stresses.  These  viscometers  have  been  described  in  an  earlier 
paper.’-  In  them,  the  kinetic  energy  effects  are  negligible  and  surface 
tension  effects  are  eliminated  at  the  lowest  heads.  The  approximate  range 
of  shear  stresses  was  from  0.50  to  1  1.0  dynes  cm.2,  of  shear  rates,  from  50 
to  1200  see.-'. 

'Temperatures  in  the  (water)  thermostats  wore  controlled  to  within 
±0.02°C.  of  the  stated  temperature.  Flow  times  were  measured  in  tripli¬ 
cate  with  calibrated  stopwatches  to  ±0.1  see. 

Viscosity  ratios,  ijr,  were  calculated  from  flow  time  ratios,  tr,  by  means  of 
the  expression: 

Vr  =  Ml  -  V log  tT/d  log  T/f)  ]-1  (5) 

where  tr  is  the  maximum  shear  stress  at  the  capillary  wall  (tr  =  pR/2L) 
and  where  (d  log  tr  d  log  tr)  is  the  slope  of  the  log-log  plot  of  tT  versus  tr. 
The  derivation  of  this  formula  and  a  discussion  of  its  advantages  will  be 
found  in  Appendix  A.  (In  what  follows  we  shall,  for  convenience,  use  t  for 
tr  and  D  for  DR.) 

Values  of  r]r  at  the  ten  different  shear  stresses  were  obtained  directly 
from  measurements  at  free  fall  using  the  five  different  bulbs  in  the  two 
viscometers.  From  these,  values  of  [77]  were  obtained,  at  the  ten  shear 
stresses,  from  the  relation 

In  r]T/c  =  [77]  -  p[v]2c  (6) 

by  least-square  analysis.  The  empirical  slope  constant  k',  at  each  shear 
stress,  was  obtained  from  the  corresponding  value  of  d  by  use  of  the  rela¬ 
tionship  k'  +  d  =  0.50.  This  method  of  evaluating  [77  ]  and  k'  was  pre¬ 
ferred  to  the  use  of  eq.  (2)  because  the  In  r?r/(.  versus  c  curves  were  more 
nearly  linear  and  more  consistent  than  the  (7?sp)/c  versus  curves. 

Shear  rates  D  were  calculated  from  the  experimental  shear  stresses  and 
the  values  of  In  r/r/c  were  plotted  against  D.  Values  of  In  1 ?r/c  at  various 
selected  values  of  D  were  read  from  this  plot.  Values  of  (In  r)r,c) D  so  ob¬ 
tained  at  different  concentrations  were  then  used  to  calculate  \r)]D  and 
k'D  in  a  manner  analogous  to  that  used  in  evaluating  [77 ]r  and  k'T. 

Absorption  effects,12  and  the  fact  that  k/  was  calculated  from  a  relation 
(k1  =  0.50  —  d)  which  is  strictly  accurate  only  in  the  limit  of  zero  con¬ 
centration,  could  lead  to  inaccurate  values  of  [77]  and  k'.  Calculations  were 
therefore  performed  by  the  more  rigorous  procedure  outlined  in  Appendix 
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B  which  yields  values  of  [77]  and  of  the  limiting  slope  constant  k'c=„  that  are 
free  of  absorption  effects. 

RESULTS  AND  DISCUSSION 

Values  of  [y]T  and  k'  for  the  three  temperatures  20,  40,  and  60°C.  are 
listed  in  Table  I  and,  for  40°C.,  are  plotted  as  a  function  of  r  in  Figure  1. 
The  recalculation  (see  Appendix  B)  to  eliminate  absorption  effects,  if  any, 
gave  values  of  [77  ]  the  same  as  these  within  experimental  error.  Hence 

TABLE  I 


Values  of  [ti]T  and  k’T  at  20,  40,  and  60°C.  for  Polystyrene  Tr,  in  Toluene 


T  =  20°C. 

1 

1  =  40°C. 

T  =  60  °C. 

Tf 

dynes/ 

cm.2 

hi, 

dl./g. 

k' 

L 

dynes/ 

cm.2 

M, 

dl./g. 

k' 

T> 

dynes/ 

cm.2 

hi, 

dl./g. 

k' 

0.48 

9.30 

0.320 

0.47 

9.18 

0.334 

0.46 

9.10 

0.266 

1.16 

9.20 

0.328 

1.13 

9.14 

0.332 

1.11 

8.97 

0.276 

1 .47 

9.26 

0.314 

1.44 

9.04 

0.341 

1.41 

8.89 

0.274 

2.32 

9.00 

0.323 

2.27 

8.98 

0.334 

2.22 

8.76 

0.281 

3.37 

8.74 

0.326 

3.30 

8.74 

0.345 

3.22 

8.45 

0.317 

3.43 

8.90 

0.316 

3.35 

8.78 

0.341 

3.28 

8.55 

0.283 

4.55 

8.57 

0.325 

4.45 

8.56 

0.347 

4.35 

8.37 

0.283 

5.54 

8.52 

0.314 

5.42 

8.38 

0.355 

5.30 

8.13 

0.312 

7.51 

8.23 

0.327 

7.35 

8.10 

0.358 

7.18 

7.85 

0.314 

11.27 

7.78 

0.335 

11.02 

7.56 

0.379 

10.78 

7.32 

0.334 

absorption  effects  were  negligible.  The  values  of  the  limiting  slope  con¬ 
stant  (fc/T)c=0  did,  however,  differ  from  the  values  of  k'T  in  Table  I.  The 
limiting  slope  and  slope  constant  are  plotted  in  Figure  2.  It  is  noteworthy 
that  the  shear  dependence  of  ( kT)c=0  is  the  same  as  that  of  k'T. 


Fig;.  1 .  The  intrinsic  viscosity  and  k'  evaluated  at  constant  shear  stress  for  polystyrene  T5 

in  toluene  at  40°C. 
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Fig.  2.  The  limiting  slope  and  limiting  slope  constant  k',  evaluated  at  constant  shear 
stress  for  polystyrene  T6  in  toluene  at  -10oC. 


D  ( sec  *■ )  or  T  x  I02  (  dynes  /  cm2 ) 

Fig.  3.  Plot  of  (In  r?r/c)T  vs.  t  and  (In  nr/c)D  vs.  D  at  various  concentrations  for  solutions 
of  polystyrene  T;,  in  toluene  at  40°C. 

A  typical  plot  of  In  i ir/c  versus  D,  from  which  values  of  (In  fiT/c)D  were 
obtained  by  interpolation,  is  shown  in  Figure  3.  Calculated  values  of 
[v]d  and  of  k'D  are  given  in  Table  II  and,  for  40°C.,  are  plotted  in  Figure  4. 
Recalculation  of  [rj]D  by  the  procedure  of  Appendix  B  and  of  ( k'c=0)D  was 
not  performed,  for  the  precision  of  the  (In  y]r/c)D  values  did  not  warrant  it. 
It  is  safe  to  assume,  however,  that  at  constant  shear  rate,  as  at  constant 
shear  stress,  k'c=0  is  slightly  greater  than  k'  but  the  shear  dependence  of  the 
two  is  the  same. 

The  difference  between  the  shear  dependence  of  k'T  and  k' D,  as  shown 
in  Figure  4,  is  surprising  and  significant.  If  molecular  entanglement 
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TABLE  II 


[77] and  k'D  for  Polystyrene  T5  in  Toluene 


£>,  sec  1 

T  = 

20  °C. 

T  = 

40°C. 

T  = 

60°C. 

[77],  dl./g. 

k' 

M,  dl./g. 

k’ 

hi.  dl./g. 

k’ 

0 

9.41 

0.307 

9.22 

0.331 

9.14 

0.260 

100 

9.38 

0.299 

9.18 

0.329 

9.09 

0.264 

250 

9.20 

0.289 

9.12 

0.320 

8.99 

0.251 

500 

8.90 

0.266 

8.92 

0.300 

8.81 

0.246 

750 

8.65 

0.251 

8.70 

0.289 

8.57 

0.246 

1000 

8.44 

0.238 

8.47 

0.278 

8:34 

0.254 

,lT*  at  T  =  20,  40, 

TABLE  III 

and  60°C.  for  Polystyrene  Ts 

in  Toluene 

T 

=  20  °C. 

T  =  40  °C. 

T  = 

60°C. 

C,  r./dl. 

„  * 

Vt 

c,  g./dl.  Vt* 

c,  g./dl. 

* 

Vt 

0.0626 

0.683 

0.0696  0.563 

0.0594 

0.428 

0.0470 

0.661 

0.0322  0.539 

0.0446 

0.417 

0.0376 

0.646 

0.0418  0.524 

0.0356 

0.411 

0.0313 

0.637 

0.0348  0.516 

0.0296 

0.405 

Vsp/c  V  ™ 

TT  =  w 

m  vi 

Introducing  cq.  (2)  we  obtain 

77=1  +  k'[v]c  (9) 

m 

does  not  contribute  to  the  molecular  interaction  and  the  empirical  slope 
constant  k'  is  simply  the  hydrodynamic  interaction  constant  ki  [see  eq. 
(3)],  k'D  should  increase  with  increasing  D.  But  it  decreases.  This  dif¬ 
ference  is  not  due  to  experimental  error;  we  can  only  conclude,  then,  that 
k'  is  not  simply  Aq.  But  it  is  difficult  to  see  why  entanglement,  if  that,  is  the 
cause  of  the  decrease  in  Ic'd,  with  increasing  I)  shoidd  seemingly  not  affect 
the  shear  dependence  of  k'T. 

Another  approach  to  this  problem  proved  to  be  very  helpful.  It  involves 
the  use  of  a  function  introduced  by  Peterlin,13-14  namely,  the  “effective 
viscosity,”  7?*.  This  quantity  is  defined  by  the  expression 

v  =  vi  +  [v]cy* 


or 

v*  =  (v  —  vi)/bi]c  (7) 

where  77,  is  the  viscosity  of  the  solvent  and  77  is  the  viscosity  of  the  solution 
of  concentration  c.  From  eq.  (7)  it  follows  that 
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Fig.  4.  The  intrinsic  viscosity  and  k'  evaluated  at  constant  shear  rate  for  poly¬ 
styrene  Tj  in  toluene.  Dotted  lines  represent  a  plot  of  [r;]r  vs.  r  and  k'T  vs.  r.  (Scale 
or  shear  stress  is  X  102.) 


D  (  sec  ~ 1 )  or  T  x  I02  (  dynes  /  cm2  ) 

Fig.  5.  Dependence  of  the  effective  viscosity  on  shear  stress  and  shear  rate  for  polystyrene 

T5  in  toluene  at  40°C. 


Combining  this  with  cq.  (8)  gives 


and 


r*  =  Vi  +  h'ivhiC 


where 


y*  =  Vi  +  yc 


(10) 

(ID 


7  =  k'Mvi 

y/vi  =  k'[v]  =  (y*  —  vD/yfi 


Hence 


(12) 
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C  (  g  /  dl  ) 

Fig.  6.  Concentration  dependence  of  the  effective  viscosity  evaluated  at  constant  shear 
rate  for  polystyrene  T5  in  toluene  at  40°C. 

This  quantity  we  shall  term  the  “reduced  effective  viscosity”  rjSp*/c  by 
analogy  with  the  “reduced  viscosity”  (77  —  vd/vfi- 

Values  of  the  effective  viscosity  77*,  both  at  constant  shear  stress  and  at 
constant  shear  rate,  were  calculated  from  the  data  by  means  of  eq.  (7)  and 
the  relation  77  =  vrvi  and  are  listed  in  Tables  III  and  IV.  Both  7?r*  and  r]D* 
were  found  to  be  linear  with  respect  to  concentration,  as  suggested  by  eq. 
(11).  Typical  plots  of  40°C.  data  are  shown  in  Figures  5  and  6.  Note 
that  the  effective  viscosity  at  constant  shear  stress,  rjT*,  is  independent  of 
the  shear  stress  but  that  the  effective  viscosity  at  constant  shear  rate, 
77 D*,  decreases  with  increasing  shear  rate.  This  behavior  is  shown  more 
clearly  in  Figure  5.  Note  also  that  at  zero  shear  rate  t]D*  becomes  equal  to 
t)T*.  This,  of  course,  is  to  be  expected  from  the  connection  between  shear 
stress  and  rate. 

The  concentration  dependence  of  rjT*  and  tjd*  may  be  summarized  by 
saying  that  y7,  the  slope  of  the  tjt*  versus  c  curve,  is  independent  of  the  shear 
stress  t  but  that  y d  decreases  linearly  with  increasing  shear  rate  L).  Thus 

Yr  =  7o  (13) 

and 

Id  =  Yo  —  rD  (14) 

when  70  is  the  slope  of  the  curve  of  the  7 1*  (or  770^0*)  versus  c  curve. 

Similar  relationships  hold  for  the  data  obtained  at  20°C.  and  60°C. 

At  fixed  shear  stress,  then,  yTi)h  for  this  system  at  least,  is  independent 
of  the  shear  stress,  and  hence  the  product  k'  T[r]]T  is  also  independent  of  the 
shear  stress.  Expanding  k'  to  make  explicit  the  entanglement  contribution 
(if  any)  we  obtain  [cf.  eq.  (4)]: 
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T r/vi  =  (h  ~  b'r)[r)]T 

V\v]T  =  h t\v\t  ~  b'[rj]rT  (15) 

We  might  expect  that  /vi  [77  ]  would  be  independent  of  shear.  Eirich  and 
Riseman1  and  others  have  shown  that  changing  the  solvent,  with  a  given 
flexible  polymer,  has  little  or  no  effect  on  the  product  ki[q\)  increasing  the 
shear  stress  is  approximately  comparable  in  its  effect  on  hydrodynamic  be¬ 
havior  to  changing  to  a  poorer  solvent  (for  example,  in  both  cases  [77  ]  de¬ 
creases  and  ki  increases).  But  if  the  influence  of  entanglement  is  ap¬ 
preciable,  the  quantity  (k1)T[r]]T  —  b'[rj]TT  should  decrease.  Since  it  does 
not,  we  must  conclude  that  entanglement  effects  do  not  show  up  in  the 
constant  shear-stress  relationships. 

At  fixed  shear  rate,  on  the  other  hand,  yD  and  hence  jd/vi  decreases  with 
increasing  shear  rate.  For  this  latter  quantity  we  may  write  the  following 
relation 

7d/vi  =  k'o[ri]D  =  ( ki)o  [17 }d  —  b[y]]DD  (16) 

If,  as  seems  reasonable,  we  assume  that  kiD[r\]D  (like  kiT[ri]T)  is  not  affected 
by  increasing  the  shear  rate,  the  decrease  in  Ic'dMd  indicates  that  the  en¬ 
tanglement  term  bD[q)D  is  significant. 

Thus,  we  can  account  for  the  decrease  in  7 d/vi  arid  the  decrease  in  k'D 
with  increasing  shear  rate  by  assuming  molecular  entanglement  in  the 
solution. 

But  we  have  still  to  explain  why  molecular  entanglement  does  not  have 
comparable  effects  at  constant  shear  stress.  The  advantage  of  the  Peterlin 
effective  viscosity  is  that  it  isolates  this  quantity  y/vi  =  ki[rj],  which  may 
be  expected  to  remain  constant,  at  least  for  changes  in  [77]  which  are  not 
large.  The  constancy  of  ki[ri]  leads  directly  to  an  increasing  k'  if  [17]  de¬ 
creases.  Moreover,  it  eliminates  from  the  interaction  term  that  part  of 
the  influence  of  shear  that  is  due  to  the  dependence  of  [77]  on  the  shear 
stress,  which  is  taken  care  of  by  the  “reduced  effective  viscosity.”  Restat¬ 
ing  the  experimental  findings,  it  appears  that  at  constant  shear  stress  the 
quantity  17,.*  =  (77,.  ~  vd/Mr0  remains  constant;  this  implies  that  r}T  —  77 z 
has  the  same  shear  dependence  as  [77 ]T.  At  constant  shear  rate,  the  quan¬ 
tity  t]D*  =  (77 d  —  Vi)/[v]dC  does  depend  on  the  shear  rate,  which  indicates 
that  the  shear  dependence  of  vd  is  different  from  the  shear  dependence  of 
[77  ]z>.  Since  [77]  is  obtained  from  77  by  an  appropriate  extrapolation  to  zero 
concentration,  we  must  conclude  that  these  differences  are  primarily  due 
to  concentration  dependence.  Since  entanglements  contribute  to  the  con¬ 
centration  dependence  [see  eq.  (4)],  the  difference  between  the  behavior  at 
constant  shear  stress  and  shear  rate  could  be  due  to  the  occurrence  of  these 
entanglements  between  the  molecules. 

Before  proceeding  to  a  more  detailed  analysis  it  should  be  pointed  out 
that  the  coefficient  of  viscosity  can  be  defined  [either  (1)  as  the  ratio  of  t  he 
shear  stress  and  shear  rate  (77  =  t/D),  or  (2)  in  terms  of  the  energy  e  dis¬ 
sipated  in  flow  (77  =  e/D2).  In  capillary  viscometry  there  are  only  two 
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measurable  parameters,  the  shorn-  stress  (r  pl\  21.)  anil  the  flow  lime 
(from  which  one  can  calculate  the  viscosity).  If  we  assume  that  all  the 
energy  is  dissipated  in  How  (and  this  assumption  is  implicit  in  the  deriva¬ 
tion  of  Poiseuille’s  law)  we  can  calculate  the  shear  rate  (velocity  gradient.) 
as  (,/>/»’  2L){\  t]).  For  liquids  that  have  an  “anomalous”  viscosity,  such 
an  assumption  may  not  be  valid  inasmuch  as  one  can  postulate  processes 
in  the  flowing  solution  that  involve  dissipation  of  energy  but  do  not  con¬ 
tribute  to  the  actual  flow.  For  example,  if  solute  molecules  are  entangled, 
part  of  the  applied  stress  will  be  required  to  disentangle  the  molecules  and 
the  remainder  to  sustain  the  flow  through  the  capillary. 

Peter10  writes  for  the  shear  st ress  in  a  liquid  in  which  the  shear  dependence 
is  due  only  to  entanglements: 


t  =  rjiD  +  k3nF 

(17) 

--  [k,D  (X  +  k3D)  }c2 

(18) 

where  rj,  is  the  viscosity  of  the  solvent,  fc3  is  the  rate  of  breakage  of  entangle¬ 
ments  in  flow,  n  is  the  number  of  entanglements,  F  is  the  work  required 
to  disrupt  an  entanglement,  hi  is  the  rate  of  formation  of  entanglements  in 
flow,  and  X  is  the  average  lifetime  of  an  entanglement.  For  the  energy 
dissipated  in  disentangling,  we  may  write 


(rD)vn  t  =  kpiFI) 


(19) 


Substituting  for  ii  and  equating  this  energy  dissipation  to  7j,,ntFF,  we  obtain 


Vent 


d  Fe¬ 


rn 


(Xote  that  7?eut  is  only  formally  a  viscosity.) 

We  now  can  write  for  the  viscosity  of  the  system  (a  Peter  liquid) : 

V  =  Vl  +  Vent  (21) 

and  since  t)  =  t/D, 

V  =  (1/ F))  (r  I  +  Tent)  (22) 

It  is  clear  that  we  can  only  divide  the  stress  in  this  fashion  at  constant 
shear  rate.  We  finally  obtain 

V d  =  (1  /D)[VlD  +  (k3k2/\)Fc*D  -  (k^ki/X2) FcD'2}  (23) 

Vd  =  Vo  —  Qi32k‘i/'X2)Fc‘1D 

VD  =  Vo  —  ac2D  (24) 

Could  we  do  a  similar  thing  for  the  case  of  vT‘-  We  would  have  to  write: 


Vr  =  r[(l/D)  +  (lADent)]  =  (1  /  D)  T  (25) 


But  what  does  the  additional  shear  rate  due  to  disentanglement  mean? 
We  would  have  to  associate  a  “shear  rate”  with  a  process  that  formally  does 
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not  contribute  to  flow.  This  is  not  possible.  We  should  interpret  the 
viscosity  measured  at  constant  stress  as  the  viscosity  associated  only  with 
the  dissipation  of  energy  in  flow,  this  being  implied  in  the  calculation  of  the 
shear  rate  from  the  shear  stress  and  the  observed  flow  time. 

At  constant  shear  rate,  however,  we  can,  at  least  formally,  separate  the 
stress  into  that  part  which  sustains  the  flow  through  the  capillary  and  the 
part  required  to  disrupt  entanglements  [eq.  (22)].  This  means  that  a 
description  of  flow  at  constant  shear  rate  is  essentially  a  description  in  terms 
of  the  total  energy  dissipated  rather  than  in  terms  of  the  energy  dissipated 
in  flow. 

If  this  is  so,  the  entanglement  term  should  show  up  only  in  a  description 
of  flow  at  constant  shear  rate,  not  in  a  description  of  flow  at  constant 
stress. 

From  eqs.  (13)  and  (14)  it  follows  that  if  the  second  term  in  eq.  (14)  or 
(16)  is  identified  with  the  effect  of  entanglements,  the  description  at  con¬ 
stant  shear  rate  and  at  constant  shear  stress  become  equivalent,  at  least  as 
far  as  the  interaction  constant  ki  is  concerned.  Inspection  of  Table  IV 
shows  that  as  the  temperature  is  increased  r/*0  is  less  dependent  on  the 
shear  rate  and  is  approximately  constant  at  60 °C.  This  is  also  evidence 
that  the  shear-dependent  term  in  eq.  (14)  is  due  to  entanglements,  since 
their  effect  should  become  less  if  the  temperature  is  raised. 
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APPENDIX  A 

Derivation  of  the  Correction  for  Non-Newtonian  Flow 

For  flow  through  a  capillary  of  a  liquid,  whose  viscosity  is  taken  to  be 
the  ratio  of  the  shear  stress  and  shear  rate  ( r]  =  t/D ),  the  shear  stress  is 
given  by: 

t  =  pR/2L  (A-l) 

where  r  is  shear  stress,  p  is  the  driving  pressure,  R  is  the  radius,  and  L  is  the 
length  of  the  capillary.  The  shear  rate  or  the  velocity  gradient  across  the 
capillary  is: 

D  =  —du/dr  =  t/i 7  (A-2) 

where  u  is  the  velocity.  For  the  velocity  profile  one  obtains: 

u  =  ( p/4r)L)(R 2  —  r2)  (A-3) 

From  these  relationships  one  obtains  for  the  volume  of  liquid  flowing 
through  the  capillary  per  unit  time,  Q: 

Q  =  V/t  =  2tt  fQ  drru  —  irR4P/SriL  (A-4) 
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For  a  non-Newtonian  liquid  t ho  shear  rah'  is  an  unknown  function  of  the 
shear  st  ress: 


/)  —  —dii  ilr  =■  J\t) 


Plien 


J'R  ,  ,  , 

0  drr-(du/dr) 

or,  changing  variables  from  r  to  r  (and  billowing  Wadau’) 
Q  =  7T A>:!  (rK)s J0  T-f(r)dT 


and 

and 


Qnn  =  -7rA>:!/'’„  „{t  R) 


i  rK 

F(tr)  =  - — -  I  r2/(r)dr 
2tr°Jo 


(A-5) 


(A-G) 


(We  will  denote  quantities  pertaining  to  non-Newtonian  liquids  with  sub¬ 
script.  nil,  the  corresponding  quantities  for  Newtonian  liquids  with  the 
subscript  ».)  In  the  same  variable,  we  have  for  Q„: 

Qn  =  2irR3F  ,i(t  r) 

Fn(rR )  =  rR/Sv  (A-7) 

The  relative  flowtime  tT  is  given  directly  as:  QJQnn,  while  the  expression 
for  i]r  is  hidden  in  the  function  F„„(rr)  or  /(r).  We  can  obtain  an  expres¬ 
sion  for  /(r)  by  differentiation  of  eq.  (A-6): 


C )F„„(tr)  _  f(rR )  _ 
drR  2 tr  tr 


which  leads  to : 


d  In  F„„(tr)  _  J(tr) 
d  In  tr  2Fnn(TB) 


or 


f(rR )  =  6  Fnn(TR)  +  2  Fnn(TR) 


d  In  F(Tr) 

£>  111  Tr 


Considering  now  the  relative  flowtime,  we  have: 

In  tr  =  111  QJQnn  =  hi  F „(t r) / F nn(T R) 

Furthermore 


d  In  QJ Q 

nn 

C) Tr 


~  hi  FJtr) 
Otr 


5  In  QJQnn  _  1  SFJtr) 

£>TR  Fu(tr)  drB 


111  F nn(r R) 

£>Tr 

_ 1  &F  nn{TR ) 

F  nn  (tr)  drR 


(A- 8) 


(A- 9) 


(A- 10) 


(A-ll) 


(A- 12a) 


(A- 12b) 
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which  results  in : 

d  hi  Qn/Qnn  _  d  111  tT 
d  In  tr  d  hi  tr 

Substituting  in  eq.  (A- 10)  and  remembering  that  F(tr)  =  Q/2-irR3,  we 
have 


1  - 


d  In  F(tr) 

d  111  Tr 


(A- 13) 


I(tr)  = 


47  1  / 

TvR3~t\ 


5  111  tr  \ 

d  111  Tr  ) 


(A-14) 


Hence  for  a  non-Newtonian  liquid,  the  maximum  shear  rate  at  the  wall  is 
given  by: 


D 


R 


^-Qnn  f ..  j  0  111  tT  \ 

~vW\  ~  7 4  d  hi  Tr) 


The  viscosity  is  now  evaluated  as: 


(A-15) 


V  =  Tr/Dr 


or 


7 tR3tr(  d  In  tT  \  1 

_  A  5  In  tr)  (A"1G) 


Vnn  = 

For  a  Newtonian  liquid  we  have: 

V  il  =  7T.R3Tfl/4Q„ 

Hence: 

d  In  tr  \  _1 


(A-17) 


(Vr)rR  =  tr  (  1  —  V, 

\  d  In  Tr 

The  advantage  of  eq.  (A-18)  over  the  usual  correction  formula: 

4 

7}r  tr 


(A-18) 


3  +  n 


where 


n  =  d  log  Dr/ d  log  tr  (A-19) 

is  the  elimination  of  the  calculation  of  the  apparent  shear  rate,  which  in  any 
case  is  computed  by  the  wrong  formula  (DR)a pp  =  (r/e/??o)(l/b).  At  low 
shear  the  difference  between  DR  and  (D R) apparent  is  well  within  experimental 
error;  at  higher  shear  it  certainly  is  not.16 

Moreover,  eq.  (A-18)  enables  one  to  compute  a  progressive  correction. 
As  the  shear  stress  increases,  the  non-Newtonian  behavior  becomes  more 
pronounced,  and  hence  the  relative  flow  time  would  require  a  progressively 
larger  correction.  Such  a  correction  is  very  difficult  to  detect  by  means  of 
a  plot  of  log  Dr  versus  log  tr. 
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APPENDIX  H 


Evaluation  of  the  Limiting  Slope 

In  an  earlier  paper1'’  wo  pointed  out  that  the  slope,  as  usually  evaluated, 
may  be  seriously  affected  by  absorption  (or  wall)  ('fleets.  Recently'1  we 
showed  that  the  intrinsic  viscosity  can  still  be  calculated  from  the  slope  of 
(ijg}>  r)  —  (In  >/,  c)  versus  c  if  absorpt  ion  correct  ions  are  large.  'The  procedures 
recommended  by  llellerls  for  the  evaluation  of  limiting  slopes  cannot  be 
used  when  the  absorption  effects  are  appreciable,  since  these  procedures  in¬ 
volve  [(j?sp  c)  -f  (In  7]r  c)]  and  the  sum  of  the  reciprocals  | '(c/rjsp)  +  (c/ln 
»/r)|.  Absorption  (or  wall  effects)  affect  ysl,  c  and  In  rjr/c  in  the  same  way, 
hence  the  effect  is  doubled  if  the  sum  of  jj*p/c  and  In  rjr/c  is  used. 

The  procedure  outlined  here  is  a  slight  variant  of  the  method  described 
for  the  evaluation  of  [77  ]. 

At  finite  concentration  we  have 

V sp/c  —  hi  Vr  C  =  (/c'  +  /3)M2C  (B-l) 

with 


k'  +  ft  9^  0.50 

From  eq.  (B-l)  it  follows  that: 

(l/c)[(w«)  -  (In  Vr/c)]  =  (k'  +  l3)lvY  (B-2) 

Since  at  finite  concentration  higher  powers  of  the  concentration  may  be 
noticeable,  and  (, k '  +  d)  5^  0.50,  (k'  +  /3)b]2  as  evaluated  will  depend  on 
the  concentration.  Extrapolation  to  zero  concentration  gives 

{W  +  /3)bP}c  =  „  =  0.50[,]s  (B-3) 

In  order  to  calculate  the  slope  constant  k' ,  we  evaluated  at  any  concentra¬ 
tion  the  ratio: 

Vsp/c  —  [17]  =  k'[r)]2c  =  k' 

Vsp/c  —  111  7]r/c  ( k '  +  /3)b]2c  k'  +  (3 

Since  this  ratio  was  found  not  to  depend  on  the  concentration, 
(vsp/c—  \y])/[(vSp/c)  —  (111  77r/c)  ]  was  averaged  over  the  four  concentrations 
and  set  equal  to  /c 70.50.  The  k'  so  calculated  is  designated  k'c=0.  A 
similar  procedure  was  used  to  evaluate  /3C  =  0.  The  limiting  slopes  were 
calculated  as  /?c  =  oh]2-  These  slopes  are  plotted  in  Figure  2.  It  is  seen 
that  the  difference  between  the  limiting  and  least-square  slopes  is  due 
mainly  to  the  difference  between  (3C  =  0  and  (3. 
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Synopsis 

The  variation  with  shear  of  the  concentration  dependence  of  the  reduced  viscosity  was 
studied  in  the  system  polystyrene-toluene  at  20,  40,  and  60°C.  The  slope  constant  k' 
was  determined  at  constant  shear  stress  k'T  and  at  constant  shear  rate  k'D;  k'T  was  found 
to  increase,  k'  D  to  decrease,  with  increasing  shear.  Alternatively,  the  concentration 
dependence  was  expressed  in  terms  of  Peterlin’s  effective  viscosity.  For  this  system  the 
effective  viscosity  at  constant  shear  stress  was  independent  of  shear  but  the  effective 
viscosity  at  constant  shear  rate  decreased  with  shear.  The  decrease  in  k'D,  and  in  effec¬ 
tive  viscosity  at  constant  shear  rate  with  shear  are  attributed  to  molecular  entanglement 
and  an  explanation  is  proposed  for  the  observed  differences  in  behaviour  at  constant  shear 
stress  and  constant  shear  rate.  In  appendices  a  new  formula  for  the  calculation  of  vis¬ 
cosity  ratios  from  the  relative  flow  times  is  derived,  and  a  procedure  is  outlined  to  com¬ 
pute  intrinsic  viscosities  and  limiting  slope  constants  that  will  be  free  from  absorption 
effects. 


Resume 

La  relation  entre  la  viscosite  reduite  et  la  concentration  a  ete  etudiee  en  fonction  du 
cisaillement  pour  le  systeme  polystyrene-toluene  a  20,  40  et  60°  C.  On  a  determine  le 
coefficient  angulaire  k'  pour  une  forme  de  cisaillement  constante  -k'T-  et  pour  une 
vitesse  de  cisaillement  constante  —k'D;  On  constate  que  k'T  augmente  et  que  k’D 
diminue  par  augmentation  de  cisaillement.  La  dependance  vis-a-vis  de  la  concen¬ 
tration  a  ete  exprimee  en  termes  de  “viscosite  effective”  suivant  Peterlin.  Pour  ce 
systeme,  la  viscosite  effective  pour  une  force  de  cisaillement  constante  est  independante 
du  cisaillement,  mais  la  viscosite  effective  a  une  vitesse  de  cisaillement  constante  diminue 
avec  le  cisaillement.  La  diminution  avec  le  cisaillement,  de  k'D,  et  de  la  viscosite  effective 
a  une  vitesse  de  cisaillement  constante,  est  attribuable  a  l’enchevetrement  moleculaire 
et  on  propose  une  explication  pour  les  differences  observees  dans  le  comportement  a 
force  de  cisaillement  constante  et  a  vitesse  de  cisaillement  constante.  De  plus,  on  etablit 
une  nouvelle  formule  pour  calculer  les  rapports  viscosiinetriques  a  partir  de  temps 
d’ecoulements  relatifs  et  un  precede  est  ebauehe  en  vue  de  calculer  les  viscosites  in- 
t-rinseques  et  les  tangentes  a  la  limite  qui  seront  libres  des  effets  d’absorption. 

Zusamm  enfassung 

Die  Anderung  der  Konzent.rationsabhangigkeit  der  reduzierten  Viskositat  mit  der 
Scherung  wurde  im  System  Polystyrol-Toluol  bei  20,  40  und  60 °C  untersueht.  Die 
Neigungskonstante  k'  wurde  bei  konstanter  Scherspannung — k'T — und  bei  konstanter 


sin  Mi  m  i’i:\ni:\('i:  or  visr.osrn  congkntration 


22.r> 


Schergeschwindigkeit  k', ,  hosiimmt:  es  wurde  gefundon,  (lass  k'T  mil,  steigender 
Scherung  zu  uml  k  abnimmt.  Vndcrorseits  wurde  dio  konzontrationaabhnngigkcit 
mil  Hil ft'  drr  "cffektivon  \  iskositaf”  von  IVterlin  dargesfollt .  Fiir  dieses  System  war 
die  offoktive  Yiskositiit  hei  konstanter  Scherspannung  unabhangig  von  der  Scherung, 
nalnn  a  her  hei  konstanter  Schergcsohwindigkeit  nut  der  Scherung  ah.  I  >i(x  Ahimlnne 
von  k'p  und  der  effektiven  \  iskosiliit,  hei  konstanter  Schergeschwindigkeit  mil,  dor 
Scherung  wird  auf  intennolekula roil  Yerknauelungon  zuruekgefiihrt  und  es  wird  nine 
Erklarung  fur  die  beobaeht  eten  Fntersehiede  im  Vorhalten  hei  konstant  er  Scherspannung 
und  konstanter  Schergeschwindigkeit  gegeben.  lm  Anhang  wird  eine  none  Funnel 
zur  Rorochnung  des  Yiskositutsverhaltnisses  aus  der  relativen  Durehflusszeit  abgelcitet. 
und  ein  Yerfahron  zur  Rerechnung  der  Viskositatszahl  und  des  Grenzanstiegs  unter 
Vussehaltung  der  Absorptionseffoktc  angegeben. 

Discussion 

M.  A.  Kabayama  ( E .  I .  du  Pont  de  Nemours,  Buffalo,  N.  Y.) :  Was  there  any  evidence 
of  increasing  viscosity  with  the  number  of  times  the  solution  was  passed  through  the 
viscometer,  i.e.,  evidence  of  thixotropy? 

L.  H.  Cragg :  No,  there  was  no  evidence  of  thixotropy.  The  measurements  were 
made  in  triplicate;  hence,  if  any  extensive  shear  breakdown  or  shear  build-up  had 
occurred,  we  should  have  noticed  it. 
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Appendix  D 

LIST  OF  PRINCIPAL  SYMBOLS 

Length  of  Kuhn  statistical  chain  element 
( eqn .  (2-13),  p.  38) 

Kuhn  and  Kuhn  coefficient  of  inner  viscosity 
(definition:  eqn.  (3-9^),  p.  65) 

Mobility  of  a  material  element  (Giesekus) 
(definition:  eqn.  (3-23),  p.  84) 

Deformation  tensor  (Reiner)  (eqn.  (1-9),  p.  11) 

RT 

Rotational  diffusion  coefficient  (equal  to  — 1 -  ) 

1V[^Jo^o 

Radial  diffusion  coefficient  (eqn.  (3-12).,  p.  67) 

Diffusion  coefficient  associated  with  tangential 
motion  (eqn.  (3-12),  p.  67) 

Diffusion  coefficient  associated  with  deformation 

of  the  molecule  (^D  -, ) 

v  rad' 

Brot "^0 

Elastic  energy  stored  in  capillary  flow  (eqn.  (4-6) 

p.  108) 

Energy  dissipated  in  flow/sec  (Chap.  3,  p.  57-6l) 

Invariant  of  the  strain  tensor  (i  =  1,  2  or  3) 

(see  section  on  notation) 

Equilibrium  elastic  compliance  (eqn.  (3-34)) 
Magnitude  of  the  shear  rate  (Chap.  1  only) 
Proportionality  constant  (e.g.  [q]  =  KM"*-'2  ol-’ , 

<h2>  =  KM1+€  ) 

Length  of  capillary  (Chap.  4  and  Appendix  A  only) 
Hydrodynamic  length  of  the  molecule  (Chap.  3) 
Molecular  weight 


183 


184 
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z 
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0 


N 


(a) 


N 


P 

Q 

R 

R 

R 

R 

( 

T 


ZN  M 

Weight  average  molecular  weight  i  i 

ZNJYL 


N,  :  no.  of  polymer  species  with  molecular  weight 
1  M. 

1  z 

ZN.M7 

z-average  molecular  weight,  definition:  ~ 


(z  =  3) 


Molecular  weight  of  the  monomer 
Avogadro { s  number 


Number  of  Kuhn  statistical  chain  elements 
(eqn.  (2-13),  p.  38) 

Degree  of  polymerization 

Volume  rate  of  flow  (Chap.  4  and  Appendix  A) 

Gas  constant  (8. 314  x  10  erg  deg  mole-  ) 

Radius  of  the  capillary  (Chap.  4  and  Appendix  A) 

Radius  of  gyration  (eqn.  (2-12),  p.  37) 

Equivalent  radius  of  the  impermeable  hydrodynamic 
sphere  (eqn.  (2-19),  p.  42) 

Temperature 


T  Stress  tensor,  or  matrix  of  the  coefficients  of 

the  stress  tensor  (except  in  Chap.  1,  section  A, 
where  T  stands  for  the  shear  stress) 

W  Strain  energy  function 

W(h)  Probability  function  for  the  end-to-end  distance 

(eqn.  (2-9),  p.  35) 

a  Numerical  coefficient  in  Cerf 5 s  expression  for 

tana  (eqn.  (3-40),  p.  96) 

b  Effective  bond  length  (eqn.  (2-l4a),  p.  36) 

b^  Length  of  step  in  random  walk 

Concentration  of  solute  (gm/dl) 


c 
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d 

f 

h 


<h> 

<h2> 


R 


t 


t 


0 


t 


r 


u,  v 

x 

X 

? 

a-’  ari 
a 

rot 

P 

7 


Numerical  coefficient  In  Cerf's  expression  for 
tana  (eqn.  (3-40),  p.  96) 

Free  energy  (eqn.  (2-15),  p.  39) 

End-to-end  distance 

Average  end-to-end  distance 

Mean  square  unperturbed  end-to-end  distance 

Mean  square  end-to-end  distance 

Kinetic  energy  constant  (Chap.  4,  Appendix  A) 

Number  of  moles  of  solute/unit  volume 

Magnitude  of  the  shear  rate 

Number  of  steps  in  random  walk 

Recoverable  shear  (eqn.  (3-29),  p.  88) 

Recoverable  shear  at  the  radius  R  of  the  capillary 
(eqn.  (4-8),  p.  108) 

Flow  time  of  solution 

Plow  time  of  solvent 

Relative  flow  time  (t/t^) 

Velocity 
M  [  T)  ]  q/RT 

?.<hg>/kT 

Coefficient  of  inner  viscosity  (Cerf) 

Expansion  factor  of  Flory  (p.  40) 

q/4D  ,  (q:  shear  rate,  D  ,  :  rotational  diffu- 

sion  coefficient) 

Equal  to  |nM  (|„:  monomeric  friction  factor  of 

Rouse,  eqn.  (3-38)) 

Characteristic  parameter  in  Cerf’s  theory 
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[•n] 


Q 
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^  1 J  ^2 
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Ik 


Density  of  the  equivalent  hydrodynamic  sphere 
(Debl je-Bueche)  (eqn.  (2-19)  .>  p.  42) 

Modulus  of  elasticity  (eqn.  (1-2),  p.  5) 

2  1+e 

Exponent  in  the  relationship  <h  >  =  KM 
(eqn.  (2-26),  p.  47) 

Coefficient  of  viscosity 


Coefficient  of  viscosity  of  the  solvent,  jor 
shear  independent  coefficient  of  viscosity 

Relative  viscosity  (r/Rq  (  RQ  :  solvent  viscosity) ) 


Specific  viscosity  (r/Rq  -  l) 


Limiting  viscosity  number: 


lim 

cp-O 


r>Sp/'P 


(cp:  volume 

fraction) 


Intrinsic  viscosity: 


lim 

c-O 


R  /c 
‘spx 


(c:  concentration 
in  gm/dl) 


Angle  between  valence  bonds  in  chain 

Numerical  coefficient  of  order  3^/2  (eqn  (3-9c), 

p.  65) 

Principal  extension  in  shear  (p.  89) 

Relaxation  times  of  Oldroyd  (eqn.  (1-15),  p.  17) 


Mobility  (equal  to  D/RT,  D:  diffusion  coefficient) 

Equal  to  A  /pi  (coefficient  defined  by  Zimm  (1956), 
p  p  p.  76) 

Monomeric  friction  factor  (Rouse)  (eqn.  (3-37) > 

P.  93) 

Density 

Elements  of  inner  viscosity  matrix  (Cerf)  (p.  76) 
Stress  tensor  (Giesekus) 

Principal  stresses  for  any  deformation  (eqn.  (3-30), 

P-  89) 

Components  of  the  stress  tensor  (Giesekus,  and 
elastic  liquid) 


. ....  .  6. 


T 

Relaxation  time  (eqn.  (1-5),  p.  6) 

tp 

Relaxation  times  of  Rouse  (1953)  or  Zimm  (1956) 

tp 

Relaxation  times  of  Cerf  ( t '  =  (l  +  p  v  )t  ) 

P  P  P  P 

T 

Magnitude  of  the  shear  stress  (t  =  T^q) 

Tred 

Magnitude  of  the  reduced  shear  stress  (eqn.  (5-1) 

P.  119) 

tcR 

Equilibrium  shear  stress  inside  the  capillary 
(eqn.  (4-13),  p.  109) 

tR 

Maximum  shear  stress  at  the  wall  of  the  capillary 
(eqn.  (4-4),  p.  106) 

9 

Volume  fraction 

X 

Extinction  angle  (eqn.  (3-29),  p.  88) 

X12 

Extinction  angle  in  1-2  plane 

*1 

Entropy  of  dilution  parameter  (Flory,  eqn.  (2-16) 

p.  40) 

(JD 

Circular  frequency  in  a  dynamic  experiment 

^ik 

Components  of  the  vorticity  tensor  (eqn.  (l-12), 

p.  14) 

$ 

Flory  constant  (eqn.  (2-25),  p.  44) 

0 

Characteristic  temperature  (eqn.  (2-16),  p.  40) 

tana 

Equal  to  ^  X12/q  (eqn.  (3-27),  p.  86) 

Notation  for  the  stress  tensors,,  deformation  tensors  and 


related  quantities. 

As  much  as  possible  the  notation  used  in  this 
thesis  corresponds  to  that  of  the  authors  quoted,  with  the 
exception  of  the  Oldroyd  equations,  who  uses  pj^  instead  of 


Also  a  distinction  is  made  between  the  components  of 


JOi,  3  3ft.  ■  ic'7 
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the  tensor  and  the  magnitude  of  the  component. 


e.g.  o  are  the  physical  components  of  the  stress 

tensor 


t-^OJ(  Q-lo  are  the  components  of  the  shear  stress 


t  Is  the  magnitude  of  the  shear  stress 


Similarly: 


eik^  *  components  of  the  velocity  gradient  tensor 


while  K  and  q  are  used  to  denote  the  magnitude  of  the  shear 
rate . 

Strain  energy  function  W 

W  is  stated  to  be  a  function  of  the  strain  inva¬ 
riants.  For  simple  shear  the  strain  matrix  is  given  by: 


A:  principal  extension  in 

shear 


(cf.  p.  89) 


The  invariants  are  given  by: 


2  p  p  p  1 

I1  =  =  A  +  ^  +  1 


I 2  =  A2A2  +  A2A2  +  A2A2  =  1  +  ^  +  A2 


The  functional  form  of  W  is  usually  given  as: 


w  =  C1(I1  -  3)  +  c2(l2  -  3) 


hence  if  A  ->  1,  W  -  0,  OR  W  =  C1(l1-3)  +  f(l2) 
where  f(l2)  0  if  A  ->  1 . 


; 


